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1 Introduction 

These notes are the first chapter of a monograph, dedicated to a detailed proof 
of the equivariant index theorem for transversally elliptic operators. 

In this preliminary chapter, we prove a certain number of natural relations 
in equivariant cohomology. These relations include the Thom isomorphism in 
equivariant cohomology, the multiplicativity of the relative Chern characters, 
and the Riemann-Roch relation between the relative Chern character of the Bott 
symbol and of the relative Thom class. In the spirit of Mathai-Quillen, we give 
"explicit" representatives of a certain number of relative classes. We believe that 
this construction has its interest in the non equivariant case as well. As remarked 
by Cartan (sec [9]) and emphasized in Mathai-Quillen [11], computations in 
the ordinary de Rham cohomology of vector bundles are deduced easily from 
computations in the equivariant cohomology of vector spaces. In particular, we 
give here an explicit formula for the relative Thom form Thi-ci(V) G TL* (V, V\Af) 
of a Euclidean vector bundle p : V — » M provided with a Euclidean connection: 
Threi(V) := [p* Eul(V),/3v], where Eul(V) is the Euler class and /3v an explicit 
form depending of the connection, defined outside the zero section of V, such 
that p*Eul(V) = (i/3v We similarly give an explicit formula for the relative 
Chern character Chrei(CT(,) G W*(V, V \ M) of the Bott morphism on the vector 
bundle V, if V is provided with a complex structure. The Riemann-Roch relation 

p* (Todd(V)) Ch,el((76) = Th,el(V) 

holds in relative cohomology, and follows from the formulae. 

Our constructions in the de Rham model for equivariant cohomology are 
strongly influenced by Quillen's construction of characteristic classes via super- 
connections and super-traces. The articles of Quillen [13] and Mathai-Quillen 
[11] are our main background. However, Quillen did not use relative cohomology 
while our constructions are systemically performed in relative cohomology, 
therefore are more precise. This relative construction was certainly present in 
the mind of Quillen, and we do not pretend to a great originality. Indeed, if 
a morphism a : £" between two vector bundles over a manifold M is 

invertible outside a closed subset the construction of Quillen of the Chern 
character ChQ(cr) = Str(e^<') is defined using a super-connection K„ with zero 
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degree term the odd cndomorphism i{a ffi cr*) and this construction provides 
also a form (3 defined outside F such that the equahty Ch(£'+) — Ch{£~) = 
df3 holds on M \ F. Thus the couple {a, (3) of differential forms, with a := 
Ch(f+) — Ch{£~), defines naturally a class Chi.ci(o") in the de Rham relative 
group H*{M,M\F) that we call the Quillen's relative Chern character. Now, if 
a = (a, (3) is a closed element in relative cohomology, e.g. a is a closed form on 
M and a = d0 outside F, the couple [a, ft) of differential forms leads naturally 
to usual de Rham closed differential forms on M with support as close as we want 
from F. Indeed, using a function x identically equal to 1 on a neighborhood of F, 
the closed differential form p(a) := xa + dx/? is supported as close as we want of 
F. Thus Quillen's super-connection construction gives us three representations 
of the Chern character: the Quillen Chern character ChQ(cr), the relative Chern 
character Chrci(o') and the Chern character ChsupCc) = p(Chi.oi(o')) supported 
near F. We study the relations between these classes and prove some basic 
relations. Our previous article [12] explained the construction of the relative 
Chern character in ordinary cohomology. Here these constructions are done in 
equi variant cohomology and are very similar. 

As an important example, we consider at, the Bott morphism on a complex 
vector bundle (T5 : A~'"V A~V over V, given by the exterior product by w G V. 
This morphism has support the zero section M of V. Quillen's Chern character 
Chq (cTb) is particularly pleasant as it is represented by a differential form with 
"Gaussian look" on each fiber of V. However, for many purposes, it is important 
to construct the Chern character of Ub, as a differential form supported near the 
zero section of V. More precisely, we here consider systematically the relative 
class Chrei(CT6) in Tl*{V,V \ M) which contains all information. 

A similar construction of the Thom form, using the Berezin integral instead 
of a super-trace, leads to explicit formulae for the relative Thom class. Again 
here, we have three representatives of the Thom classes, the Mathai-Quillcn 
Thom form which has a "Gaussian look", the relative Thom form, and the 
Thom form with support near the zero section. Our main result is Theorem 
4.7 where these three representatives are given in the equivariant cohomology 
of vector spaces. 

These explicit formulae allows us to derive the well known relations between 
Thom classes in cohomology and JC-theory (Theorem 6.4). Here again, follow- 
ing Mathai-Quillen construction, we perform all calculations on the equivariant 
cohomology groups of an Euclidean vector space, and we apply Chern-Weil 
morphism to deduce relations in any vector bundle. 

We also include in this chapter proofs of Thom isomorphisms in various 
equivariant cohomologies spaces, using Atiyah's "rotation" construction. For 
the case of relative cohomology, we need to define the product in de Rham 
relative cohomology and some of its properties. This is the topic of Section 3. 

In the second chapter of this monograph, we will generalize our results to 
equivariant cohomology classes with C~°°-coefficients. This will be an essential 
ingredient of our new index formula for transversally elliptic operators (see [14]). 
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2 Equivariant cohomologies 



2.1 Definitions and notations 

If / is a map on a space M, the notation f(x) means, depending of the context, 
either the vahic of / at the point x of M, or the function x i—^ f(x) where x is 
a running variable in M. 

When a compact Lie group K acts Unearly on a vector space E, we denote 

the sub-space of i^T-invariant vectors. 

Let be a manifold, and let A{N) be the algebra of differential forms on A^. 
We denote by Ac{N) the sub-algebra of compactly supported differential forms. 
We will consider on A{N) and Ac{N) the Z-grading by the exterior degree. It 
induces a Z2-grading on A{N) in even or odd forms. We denote by d the de 
Rham differential. If a is a closed differential form, we sometimes denote also 
by a its de Rham cohomology class. 

If S is a vector field on N, we denote by C{S) : A''{N) A''{N) the Lie 
derivative, and by l{S) : A''{N) A''~^{N) the contraction of a differential 
form by the vector field S. 

Let if be a compact Lie group with Lie algebra t. We denote CP°'(t) the 
space of polynomial functions on t and C°°{t) the space of C°°-functions on 6. 
The algebra CP°'(t) is isomorphic to the symmetric algebra S{t*) of 6*. 

We suppose that the manifold N is provided with an action of K. We 
denote X i— > VX the corresponding morphism from 6 into the Lie algebra of 
vector fields on N: for n G N, 

VnX -.^ ^ expi-eX) ■ nU=o, XGt 
de 

Let AP°Hi, N) = (CP°\i) (g) A{N))'^ be the Z-graded algebra of equivariant 
polynomial functions a : t ^ A{N). Its Z-grading is the grading induced by the 
exterior degree and where elements of t* have degree two. Let D = d — i.{VX) 
be the equivariant differential: 

{Da){X) = d{a{X)) - i{VX)a{X). 

Let WP°'(t, N) := KeiD /ImD be the equivariant cohomology algebra with poly- 
nomial coefficients. It is a module over Cp°'(6)^. 

Remark 2.1 If K is not connected, A^°^{t,N) depends of K, and not only of 
the Lie algebra of K . However, for notational simplicity, we do not include K 
in the notation. 

If g : M N is a ii'-equivariant map from the if -manifold M to the K- 
manifold N, then we obtain a map g* : AP°^{i, N) AP°\t, M), which induces 
a map g* in cohomology. When U is an open invariant subset of N, we denote 
by a i-> a|[/ the restriction of a G ^p°'(6, N) to U. 
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If S' is a i^-invariant vector field on N, the operators £(5*) and l{S) are 
extended from A{N) to CP°'(t) (g) ^(A'^): they commute with the JsT-action, so 
jC{S) and i.{S) act on AP°\t,N). Cartan's relation holds: 

(1) C{S)=Dot{S) + L{S)oD. 

If N is non-compact, we can also consider the space A^°^{t, N) := (CP°'(6) (g) 
Ac{N))^ of cquivariant polynomial forms a{X) which are compactly supported 
on N. We denote by H^°^{t, N) the corresponding cohomology algebra. If N is 
an oriented manifold, integration over TV defines a map HP°'(t,iV) — > CP°'(t)^. 
If 7T : N ^ B is a, ii'-equivariant fibration with oriented fibers, then the integral 
over the fiber defines a map tt, ; HP°i(fi, N) nf°\i, B). 

Finally, we give more definitions in the case of a /sT-equivariant real vector 
bundle p : V — > M. We may define two sub-algebras of A^°^{1, V) which are sta- 
ble under the derivative D. The sub- algebra -4^°^_^3^p (8, V) consists of polynomial 
equivariant forms on V such that all partial derivatives are rapidly decreasing 
along the fibers. We may also consider the sub-algebra -4gJ^gj. ^p^. (t, V) of K- 
equivariant forms on V which have a compact support in the fibers of p : V M . 
The inclusions ^pj(e, V) C ^!j°Lap(fi' ^) ^ ^""H*, V) give rise to the natu- 

ral maps nit. cpt(e> V) ^ K:l,,^{t, V) ^ m°\t, V). If the fibers of V are ori- 
ented, integration over the fiber defines a map : 'T^dec-rapC^' ^) ~^ 'H'^°^{t, M). 

Let A°°{t, N) be the Z2-gradcd algebra of equivariant smooth maps a : I — > 
A{N). Its Z2-grading is the grading induced by the exterior degree. The equiv- 
ariant differential D is well defined on A°°{t,N) and respects the Z2-grading. 
Let 'H°°{t,N) :— KeiD/ImD be the corresponding cohomology algebra with 
C°°-coefficients. We denote by A^{t,N) the sub-algebra of equivariant differ- 
ential forms with compact support and by 7i^(t, A^) the corresponding algebra 
cohomology algebra . Then H°"{t,N) and W^(8,7V) are Za-graded algebras. If 
N is oriented, integration over N defines a map H^{t, N) C°°{i)^ . 

Let V be a -fsT-equivariant real vector bundle over a manifold M. We de- 
fine similarly AZ,.r.pi^,V) and WS°ec-rap(«, V) as well as ^-,,,p,(t,V) and 
Wrbercpt(«,V). There are natural maps H~(t,V) ^ H^^,, ,^,{t,V) ^ 
^Sc-rap(6'"^) and an integration map W^e-rap(*' ^ n°°{i,M) if the fibers 
of V ^ -M are oriented. 

After these lengthy definitions, we hope that at this point the reader is still 
with us. 

If K is the identity (we say the non-equivariant case), then the operator 
D is the usual dc Rham differential d. We systcmically skip the letter t = 
{0} in the corresponding notations. Thus the equivariant cohomology group 
H^°^{t,N) coincide with the usual de Rham cohomology group H{N). The 
compactly supported cohomology space is denoted by TidN) and the rapidly 
decreasing cohomology space by Hdec-rap(V). (In this article, we will only work 
with cohomology groups, so the notation H refers always to cohomology). 
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2.2 Equivariant cohomology of vector bundles 

It is well known that the cohomology of a vector bundle is the cohomology of the 
basis. The same equivariant Poincare lemma holds in equivariant cohomology 
(see for example [8]). We review the proof. 

Let p : V ^ M be a i^-equivariant (real) vector bundle. Let i : M — > V be 
the inclusion of the zero section. 

Theorem 2.2 

• The map i* : Wp°'({, V) 7i^°^{i, M) is an isomorphism with inverse p* . 

• The map i* : H°°{t,V) — > H°°{t,M) is an isomorphism with inverse p*. 

Proof. We prove the statement in the C°° case. As poi = Mm, we have 
i* op* ^ Idw=o(e^M)- 

Let us prove p* o i* = Id-^oo((_v). We denote by {m,v) a point of V with 
m G M and v G Vm- For t > 0, let h{t){m,v) = {m,tv) be the homothety on 
the fiber. The transformations h{t) verify h{t\)h{t2) = h{tit2) and commute 
with the action of K. 

Let a G A°°{l,V) be a closed element and let a{t) = h{t)*a. Thus a(0) = 
p* o i*{a), while a(l) = a. Prom Formula (1), we obtain for t > 0: 

(2) |a(t) = ^aS) ■ (ait)) =D[jL{S){ait))) . 

Here S is the Euler vector field on V : at each point (m, v) of V, S(^m^y^ = v. 

It is easily checked that j(i(5)a(t)) is continuous at t = 0. Indeed, locally 
if a = jVi^j{X,m,v)dmidvj, a{t) = ji'i^j{X,m,tv)dmit\'^dvj, and 
l{S) kills all components with | J| =0. Integrating Equation (2) from to 1, we 
obtain: ^ 

a-p* oi*{a) = D(^j^ jL{S)a{t)dty 
Thus we obtain the relation p* oi* = Id-^oo(f y). 

2.3 The Chern-Weil construction 

Let TT : P — > B be a principal bundle with structure group G. For any G- 
manifold Z, we define the manifold Z = P Xq Z which is fibred over B with 
typical fiber Z. Let A{P x Z)hor C A{P x Z) be the sub-algebra formed by the 
differential forms on Px Z which are horizontal: 7 G A{P x Z)hor if L{VX)a = 
on P X Z for every X € Q. The algebra A{Z) admits a natural identification 
with the basic subalgebra 

A{P X Z)bas := {A{P X Z%orf- 

Let uj e {A^{P) <E) q)'~^ be a connection one form on P, with curvature form 
fl = dio + ^[io,to] & (-4^(P)hor s)*^- The connection one form u defines, for 
any G-manifold Z, a projection from A{P x Z^^ onto A(P x Z\^. 
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The Chern-Weil homomorphism 

(3) cP^:AP°\q,Z)^A{Z). 

is defined as follows (sec [4], [8]). For a G-equivariant form a{X),X & g on Z, 
the form (f>^{a) E A{Z) is equal to the projection of a{Cl) G A{P x Z)*^ on the 
basic subspace A{P x Z)bas — -^(-2)- 

In the case where Z is the {pt}, (j)^ is the usual Chern-Weil homomorphism 
which associates to a G-invariant polynomial Q the characteristic form Q{fl). 

The main property of the equivariant cohomology differential D proved by 
Cartan (see [4], [9]) is the following proposition. 

Proposition 2.3 

<i>^oD = do<l>^. 

Thus a closed equivariant form on Z gives rise to a closed de Rham form on Z. 

We can repeat the construction above in the equivariant case. 

Let K and G be two compact Lie groups. Assume that P is provided with 
an action of iiT x G: {k,g){y) = kyg~^, foik£K,g€G,y€P. We assume 
that G acts freely. Thus the manifold P/G = B is provided with a left action 
of K. Let w be a K-invariant connection one form on P, with curvature form 
f2. For Y et,we denote by ii{Y) = -l{VY)u) G C~(P) (g) fl the moment of Y. 
The equivariant curvature form is 

n{Y) ^n + niY), X 

Let Z he a, G-manifold. We consider the Chern-Weil homomorphism 

(4) cP^:AP°\0,Z)^AP"\t,Z). 

It is defined as follows (see [4], [8]). For a G-equivariant form a on Z, the 
value of the equivariant form 4>^{a) at F £ f is equal to the projection of 
a{p.(Y)) G A{P X Z)'-^ onto the the basic subspace A{P x Z)bas ^ -A-iZ). For 
Z = {pt}, and Q a G-invariant polynomial on q, the form (j)^{Q){Y) = Q{Sl{Y)) 
is the Chern-Weil characteristic class constructed in [3], see also [7]. 

Proposition 2.4 The map ^5 : Ap°\q,Z) ->■ AP°\i,Z) satisfies 

</.^oD = Do</.^. 

Here, on the left side the equivariant differential is with respect to the action 
of G while, on the right side, the equivariant differential is with respect to the 
group K. 

3 Relative equivariant cohomology 

Let A'' be a manifold provided with an action of a compact Lie group K. 
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3.1 Definition and basic properties 

Let be a closed if-invariant subset of N. To an equivariant cohomology class 
on N vanishing on iV \ F, we associate a relative equivariant cohomology class. 
Let us explain the construction (see [7], [12] for the non-equivariant case). 
Consider the complex A^^^t, N,N\F) with 

AP°\t, N,N\F) := AP°\t, N) e AP°\t, N \ F) 

and differential Drci (a, (3) = (Da, a\j^\F — D(3). 

Definition 3.1 The cohomology of the complex {A^°^{1, N,N \F), Dj-ei) is the 
relative equivariant cohomology space H^°^{t, N,N \F). 

In the case where K is the identity, we skip the letter 6 in the notation. Then 
Drei is the usual relative de Rham differential and H{N, N\F) is the usual de 
Rham relative cohomology group [6] . 

The complex AP°\t, N,N\F) is Z-gradcd : for fc e Z, we take 

[^P°'(«, N,N\F)]'' = [AP°\t, N)] ® [AP°\t, N \ F)] '"^ . 

Since D^ei sends [A^°\i, N , N \ F)f into [A^°\l,N,N\F)\'"'^ , the Z- 
grading descends to the relative cohomology spaces H^°^{t, N, N \ F). The 
class defined by a Drei-closed element (a, /3) € .4,p°'({, N,N\F) will be denoted 
[a,/3]. 

Remark that 'HP°\t,N,N \ F) is a module over nP°\t,N). Indeed the 
multiplication by a closed equivariant form rj e ^p°'(6, N) , 

T] ■ {a, (3) = {r)A a, r/|iv\F A /?), 

on ^P°'(t N.N\F) commutes with D^oi. 

If 5 is a if -invariant vector field on N ., wc define on A^°\i, N,N\F) the 
operations C{S){a,P) := {C{S)a, C{S)f3) and t(5)(a,/3) := {i{S)a, -l{S)P). It 
is immediate to check that Cartan' relation (1) holds 

(5) CiS)=c{S)oDrel + D,^iOi{S). 

We consider now the following maps. 

• The projection j : AP°\t,N,N \ F) ^ AP°\t,N) is the degree map 
defined by j{a,f3) = a. 

• The inclusion i : AP°^(t,N\ F) AP°^{t,N,N\ F ) is the degree +1 
map defined by i{/3) = (0,/3). 

• The restriction r : ^P°'(t, N) AP°\t, N\ F) is the degree map defined 

by r{a) = a\N\ f- 



8 



It is easy to see that i,j,r induce maps in cohomology that we still denote 

by i,j,r. 

Proposition 3.2 • We have an exact triangle 

nP°\t,N,N\ F ) 




WP°i(e, N\F) HP°\t, N). 

• If F c F' are closed K-invariant subsets of N, the restriction map 
(a, /3) (a,/?|jv\F') induces a map 

(6) rF',F : N,N\F)^ ■H^°\t, N,N\ F'). 

• If g is a diffeomorphism of N which preserves F and commutes with 
the action of K, then g*{a,(3) = {g*a,g*p) induces a transformation g* of 
nP°^(i,N,N\F). 

Proof. This proof is the same than in the non equivariant-case [6] and we 
skip it. 

The same statements hold in the C°°-case. Here wc consider the complex 
A°°ii,N,N\ F) with A°°ii,N,N\F) :=A°° (8, A'') © A°° (6, N\F) and differ- 
ential Dj-ci (q:, f3) = (-Da, a|Ar\F — . 

Definition 3.3 The cohomology of the complex {A°°{t, N, N \ F), D^ei) is the 
relative equivariant cohomology spaces H°° {t, N,N\F). 

The complex A°°{t, N,N\F) is Zs-graded by taking [A°°it, N,N\ F)Y = 
[A°°ii,N)Y © [A°°{t,N\F)Y^\ Since Drci send [A'^ii, N, N \ F)Y into 
[A°° {i, iV, \ F)] "^^^ , the Z2-grading descends to the relative cohomology spaces 
n°^{t, N,N\F). 

Here the space n°°{t, N,N\F) is a module over n°°{t, N). 

Lemma 3.4 • We have an exact triangle 



H~(«,iV,iV\ F ) 




W~(e, N\F) N). 

• If F G F' are closed K-invariant subsets of N , the restriction (a, f3) i— > 
{a,P\N\F') induces a map yf>,f ■ n°°{t, N, N \ F) n°°{t, N, N \ F'). 

• If g is a diffeomorphism of N which preserves F and commutes with 
the action of K , then g*{a,(3) = {g*a,g*(3) induces a transformation g* of 
H°°{t,N,N\F). 
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3.2 Excision 

Let X G C°°{N)^ be a X-invariant function such that x is identically equal to 
1 on a neighborhood of F. If /? e A^°^{t, N\F), note that dx /\ P defines an 
equivariant form on A'', since dx is equal to in a neighborhood of F. We define 

(7) : AP°\t, N,N\F)-^ AP°\t, N,N\F) 
by {a,P) = {xa + dxAP, xf3) ■ Then 

(8) I^oD,,, = D,,,oI^, 

so that defines a map : WP°'(e, N,N\F)^ HP°\t, N,N\F). 

Lemma 3.5 The map is independent of x- In particular, is the identity 
in relative cohomology. 

Proof. If {a,f3) is Drei-closed, then I^'{a,j3) - I^^{a,f3) = 

■Drei((Xi — X2)f3, 0). This shows that is independent of x- Choosing X = 1) 
we see that = Id in cohomology. 

It follows from the above proposition that wc can always choose a repre- 
sentative (a, /3) of a relative cohomology class, with a and (3 supported in a 
neighborhood of F as small as we want. This will be important to define the 
integral over the fiber of a relative cohomology class with support intersecting 
the fibers in compact subsets. The integration will be defined in Section 3.6 

In particular, if F is compact, we define a map 

(9) p, : HP°' {i,N,N\F) ^nP^°\i,N). 

by setting p^{a,(3) = xo^ + dx^P, where x G C°°{N)^ is a iiT-invariant function 
with compact support such that x is identically equal to 1 on a neighborhood 
of F. 

An important property of the relative cohomology group is the excision 
property. Let J7 be a /T-invariant neighborhood of F. The restriction (a, (3) ^ 
{ct\u , (3\u\f) induces a map 

J.C/ . 7^Poi(j^ N,N\F)^ n^°\t, U,U\F). 
Proposition 3.6 The map r^ is an isomorphism. 

Proof. Let us choose x ^ C°°{N)^ supported in U and equal to 1 in a 
neighborhood of F. The map (7) defines in this context three maps : 7]^ : 
^P°i(e, N,N\F)^ AP°\i, N,N\F),I^: AP°\t, U,U\F)^ AP°\t, U,U\F) 
and I^^u : A^^^t, U,U\F)^ A^°\t, N,N\ F). 

We check easily that 7^^o r*^ = on ^p°'(«, N, N\F), and that r'^ o 7^^ = 
7^ on ^P°'(6, U,U\F). From Lemma 3.5, wc know that 7^ and I^ are the iden- 
tity maps in cohomology. This proves that r'^ is an isomorphism in cohomology. 

The same statements holds in the C°°-case. 
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Proposition 3.7 • Let U be a K -invariant neighborhood of F. The map : 
W°{t, N,N\F)^ n°°{t, U,U\F) is an isomorphism. 

• IfFis compact, there is a natural map : n°°{t, N,N\F)^ "^^(6, -^)- 

3.3 Product in relative equi variant cohomology 

Let Fi and F2 be two closed /C-invariant subsets of N. We will now define a 

graded product 

HP°\t,N,N\Fi) xH'^°\i,N,N\F2) — > H'P°\i,N,N \{Fi n F2)) 
(10) { a , b ) I — > aob . 

Let Ui := N\Fi, U2 ■■= N\ F2 so that U := N\{Fin F2) = UiU U2. Let 
$ := ($1, $2) be a partition of unity subordinate to the covering Ui U U2 of U. 
By averaging by K, we may suppose that the functions $fe are invariant. 

Since $i G C°^{U)^ is supported in Ui, the product 7 1— > $,7 defines a 
map AP°\t, N\Fi) ^ AP°\t, TV \ (Fi n ^2))- Since d$i = -a!$2 € A{U)'^ is 
supported in [/i n f/2 = N \ {Fi L) F2) , the product 7 i— » d$i A 7 defines a map 

AP°\t, N\{FiU F2)) ^ ^p°He, TV \ (Fi n F2)). 

With the help of we define a bilinear map 0$ : ylP°'(t, A^, \ Fi) x 
AP°\t, N,N\ F2) A^°\l, N,N\ (Fi n F2)) as follows. For := {ai, Pi) e 
A^°\l, N,N\ Fi), i = l,2, we define 

ai 0$ a2 := ^ai A 0:2, /3*(ai, 02)^ 

with 

/?*(ai, a2) = A as + (-l)l''^lai A $2/32 - (-l)l"^lrf$i A /3i A /Js- 

Remark that all equivariant forms $i/3i Aq!2, ai A$2/32 and A/3i A/32 are 
well defined on Z7i U C/2. So ai 0$ 02 € >Ip°'(«, N, N\{Fir\F2)). It is immediate 
to verify that 

F>rel{a-i 0$ O2) = (-DrelOl) O* 02 + (-l)''"'ai (£'reia2)- 

Thus 0$ defines a bilinear map nP°\i,N,N \ Fi) x W°\tN,N \ F2) 
HP°\t,N,N\ (Fi n F2)). Let us see that this product do not depend of the 
choice of the partition of unity. If we have another partition = ($'^,$2)1 
then $1 — = —($2 — $2)- It is immediate to veriiy that, if Z)rei(<ii) = and 
-Drei(a2) = 0, one has 

ai 0$ 02 - ai 0$. 02 = £'rei(o, (-l)l°il($i - $'i)/3i A/32). 

in A^°^{t, N,N \ {Fi n F2)). So the product on the relative cohomology spaces 
will be denoted by o. 
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Remark 3.8 The same formulae defines a Ij2-graded product 

H'^{t,N,N\Fi) xn°°{t,N,N\F2) — > TV, AT \ (Fi n J's)) 

(11) { a , b ) I — > aob . 

We note the following properties, which are well known in the non-equivariant 
case. 

Proposition 3.9 • The relative product is compatible with restrictions: if 
Fi c F[ and F2 C F2 are closed invariant subsets of N, then the diagram 
(12) 

nP°\t,N,N\Fi) X W°\i,N,N\F2)^ nP°\i, N, N \{Fi n F2)) 

ri r2 ri2 

nP°\t,N,N\Fi) X HP°\i,N,N\F^)^ HP°\t, N, N \ {Fi n F^)) 
is commutative. Here the r^ are the restrictions maps defined in (6). 

• The relative product is graded commutative : ai 002 = (— l)''*^''''*^'a2 oai. 

• The relative product is associative. 

The same statements holds in the C°°-case. 

Proof. The first point follows from the definition. Let Ui = N \ Fi, 

U[ = N \ F^. Let $1 + $2 = 1 be a partition of unity on C/i U C/2. Then 
= ($'1, $2) with $^ := <^i\u' is a partition of unity on U[ U U2. Then, at the 

level of equivariant forms, we have /3$(ai, a2)|Ar\(F^nF^) = /3a>'(''i(^i)>''2(a2)). 

The commutative diagram (12) follows. 

The second point is immediate from the definition. 

We now prove the third point. Let Fi,F2 and F3 be three closed invariant 

subsets of N. Let a^ G N.N\ F,) for i = 1, 2, 3. In order to prove that 

(ai o 02) o as = ai o (02 o as) in HP°\t, N,N\ {Fi n F2 n F3)) we introduce a 
multi-linear map T : Ei x E2 x E3 — > W°\t,N,N\ {Fi n F2 D F3)) where 

Ei=nP°%N,N\F,). 

Let = N\F, andU = N\{Fir\F2r\ F3). Let V be the data formed by : 

• A partition of unity $1 + $2 + ^3 = 1 on J7i U [/2 U (73 = U, where the 
functions $i are ii'-invariant. 

• Invariant one forms Ai, A2 and A3 on U supported respectively in U2riU3, 
Ui nf/3 and Ui nf/2. 



12 



We suppose that the data V satisfies the following conditions 

(13) = A2 - A3, d^2 = A3 - Ai, rf$3 = Ai - A2. 
Then we have 

(14) DAiiX) = DK2{X) = DAsiX). 

We denote Q{X) the equivariant 2-form equal to DAi{X) : (14) shows that 
Q{X) is supported in J7i n J72 J/s . 

With the help of T>, wc define a three-linear map T-p from A^°^{t, N, N\Fi) x 
^P°'(e, N, N\F2)xAP°\t, N, N\F-i) into AP°\t, N, N\{FinF2nF3)) as follows. 
For ai := {ai,Pi) G AP°%N,N\Fi), i = 1,2,3, we define Tx,(ai, 02, 03) := 
(ai Aq!2 Aa3,/3x>(ai,a2,a3)) with 

(15) f3v{ai,a2, 03) = $i/3ia2a3 + (-l)l°il*2ai/32a3 + (-l)l"^l+l''^l$3aia2/33 

+ (-l)l"^lAiai/32/33 - (-l)l»^l+l"^'A2/3ia2/?3 + (-l)l"^lA3/3i/32a3 
-(-1)1-^=16/31/32/33. 

Remark that all equivariant forms which appears in the right hand side of (15) 
are well defined on [/iU[/2U[/3- So Ti,(ai, a2, 03) G AP°\t, N, N\{FinF2nF3)). 
The following relation is "immediate" to verify: 

£'roi(Ti5(ai, 02, as)) = 
Tv{D,,iai,a2,a3) + (-l)l"^lTi,(ai, Drcia2, a^) + (-l)l"il+l"=lTi,(ai, 03, i^rciaa). 

Thus Tx> defines a three-linear map from from Ei x E2 x E3 into 
W\t,N,N \{Fi n F2 n Fs)). Let us see that this map do not depend of 
the choice of the data V. Let "D' = {$^, A^ for i = 1, 2, 3} be another data which 
satisfies conditions (13). 

We consider the functions fi = - <!>■ on U. If {i,j,k} = {1,2,3} the 
function fi is supported in Ui n {Uj U Uk) = {Ui n Uj) U {Ui fl Uk)- The relations 
/i + /2 + /a = on [/ shows that there exists if-invariant functions 6i on U 
such that 6i is supported in Uj fl Uk and 

/i = ^2 — ^3, f2 = 63 — 61, f3 = Oi — 62- 

We see then that 

Ai - a; - dOi = A2 - A^ - de2 = A3 - A^ - d6l3 

is an invariant one form on U supported on J7i fl J72 H U3: let us denote it by A. 
We have Q{X) - 9' (AT) = D/\{X). 

Then for Drei-closed elements a,, one checks that TD(ai, 02, (13)— Tx>'(ai, 02, 03) 
is equal to 1)161(0, — <^) = (0, D5) with 

^ = (-l)l'^=l0iai/32/33 - (-l)l"^l+l"^l^2/3ia2/33 + (-l)l"^lMi/?2a3 
-(-l)l'^=lA/3i/32/33. 
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Let us denote T the three-linear map induced by Tx> in relative equivariant 

cohomology. 

Now we will see that the map (oi, 02, 03) 1— > (ai o 02) o 03 coincides with T. 
Let (^1 + (^2 = 1 be a partition of unity on U12 '■= U\ U U2, and let (^12 + 1^3 = 1 
be a partition of unity on U12 U Uj, : all the functions arc supposed X-invariant. 
Then we take the data T) = for i = 1,2, 3} defined by the relations: 

• $1 = <yJl201, ^'2 = 951202, ^'3 = ^3, 

• Ai = -d{(fii2)4'2, A2 = d{ipi2)(t>l, A3 = -I^12#l- 

One checks that V satisfies conditions (13), and that for a, G A^°^{t, N,N\ Fi) 
the following equality 

Tv{ai, 02, 03) = (ai O0 02) o<^ 03 

holds in N,N\{Fir]F2nF3)). 

One proves in the same way that the map (ai, 02, 03) 010(02003) coincides 
with T. We have then proved the associativity of the relative product o. 

3.4 Inverse limit of equivetriant cohomology with support 

Let F be a closed fC-invariant subset of N. We consider the set of all 
open invariant neighborhoods U oi F which is ordered by the relation U < V 
if and only ifVcU. For any U € J^f, we consider the algebra A^'^{t,N) of 
equivariant differential forms on N with support contained in ?7: a G Af^ (t, N) 
if there exists a closed set Ca C U such that a{X)\n = for all X € { and all 
n e U \Ca. Note that the vector space A^^{i, N) is naturally a module over 
AP°\i, N). 

The algebra Af^^{i,N) is stable under the differential D, and we denote 
by Hi^^{i,N) the corresponding cohomology algebra. Note that 7i[}°'(t, iV) is 
naturally a module over H^°^{t,N). If U < V, we have then an inclusion 
map Al°\t,N) ^ Al°\t,N) which gives rise to a map ru,v ■ n^°\t,N) 
nfj°\t,N) of HP°i(e,iV)-modules. 

Definition 3.10 We denote hy7e°\t,N) the inverse limit of the inverse sys- 
tem {Hi^^ii, N),ruy,U,V € Tf)- We will call TC^^{t,N) the equivariant co- 
homology of N supported on F. 

Note that the vector space H^^{t, N) is naturally a module over H^°^{i, N). 
Let us give the following basic properties of the equivariant cohomology spaces 
with support. 

Lemma 3.11 • n^/{t,N) = {0} if F = 0. 

• There is a natural map 'H^p°\t, N) W°\t,N). If F is compact, this 
map factors through H^°'(«, N) Hl°\t, N). 
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• If F c F' are closed K -invariant subsets, there is a restriction morphism 

(16) r^'--^ : WP°'(e, N) WP°'(e, N). 

• If Fi and F2 are two closed K-invariant subsets of N, the wedge product 
of forms defines a natural product 

(17) W??'(«,iV) X («,7V) ^ 

• If Fi C F{ and F2 C F2 are closed K-invariant subsets, then the diagram 

(18) nlf{t,N) X 7^poi(«,Ar)^^ W?-fnF.(«,^) 



is commutative. Here the r* are the restriction morphisms defined in (16). 

All the maps in the previous lemma preserve the structures of W°^{l,N)- 
module. The same definition and properties hold in the C°°-case. 

Definition 3.12 We denote by 7Y^(t, N) the inverse limit of the inverse system 
(?i^(6, N),ru,v] U,V € J-p)- We will call Ti.'p{t, N) the equivariant cohomology 
of N supported on F. 

Lemma 3.13 • nf{t,N) = {0} ifF = %. 

• There is a natural map Hp'{t,N) — > H°°{t,N). If F is compact, this map 

factors through Hfit, N) n^ {t N). 

• If F C F' are closed K-invariant subsets, there is a restriction morphism 
r^''^ ■.nf{t,N) ^nf,{t,N). 

• If F and R are two closed K-invariant subsets of N, the wedge product of 
forms defines a natural product 

(19) (8, TV) X (J, N) ^ H^^nF. («, N). 

• If Fi G F[ and F2 C F2 are closed K-invariant subsets, then the diagram 

(20) H^,(«,iV) X 7^~(e,7V)^^ n'^,nF,{t,N) 

H^,(e,iV) X H'^,{t,N)^^ W^'nF^(«,iV) 

is commutative. 
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3.5 Morphism 

If F is any closed invariant subset of N, we define a morphism 

(21) pp : WP°\«, N,N\F) — > n^/{t, N) 
of WP°i(«, Ar)-modules. 

Proposition 3.14 For any open invariant neighborhood U of F , we choose 
X G C°°{N)^ with support in U and equal to 1 in a neighborhood of F. 

• The map 

(22) p^{a,p)=xa + dxP 

defines a morphism : AP°\t, N,N\F)^ N) of AP°\t, N)-modules. 

In consequence, let a £ A^°^{t,N) be a closed equivariant form and f3 G 
AP°^{t,N\ F) such that a|jv\F = Dp, then p^{a,P) is a closed equivariant 
form supported in U. 

• The cohomology class ofp^{a,P) in 'H^'^{t,N) does not depend of x- We 
denote this class by p^{a,P) G H^'^{i,N). 

• For any neighborhoods V CU of F, we have ru,v ° Py = Pu- 

Proof. The proof is similar to the proof of Proposition 2.3 in [12]. We repeat 
the main arguments. 

The equation p'^ o Dre\ = Dop^ is immediate to check. In particular p^{a, (3) 
is closed, if Aci (a, (3) = 0. Directly: D{xa + dx0) = dxa - dxDP = 0. This 
proves the first point. For two different choices x and x'l we have 

p^{a,p)-p^'ia,(3) = ix-X> + dix-x')l3 
= D{{x~x')P)- 

Since x — %' = in a neighborhood of F, the right hand side of the last equation 
is well defined, and is an element of ^P°\t,iV). This proves the second point. 
Finally, the last point is immediate, since Pu{a,(3) = py(a, /3) = p'^(a, /3) for 
X G C'=^{N)^ with support inV (ZU. 

Definition 3.15 Let a G AF°^{l,N) be a closed equivariant form and 
P G AP°\i, N\F) such that q;|jv\f = Dp. We denote by pp{a, P) G H^p\t, N) 
the element defined by the sequence P[/(a,/3) G TOy^{t,N), U G Tf- We have 
then a morphism pp : TiP°\t, N,N\F) ^ nl°\i, N). 

The following proposition summarizes the functorial properties of p. 

Proposition 3.16 • If F C F' are closed invariant subsets of N, then the 
diagram 

(23) WP°i {i,N,N\F) — WP°' {t,N) 
HP°\t, N,N\ F') H^F°\^^ 
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is commutative. Here ri and are the restriction morphisms (see (6) and 
(16)). 

• If Fi,F2 are closed invariant subsets of N, then the diagram 
(24) 

■HP°\t,N,N\Fi) X nP"\t,N,N\F2) WP°'(e, TV, iV \ (i^'i n Fj)) 



is com/mutative. 



Pf, 



PFinF2 



Proof. The proof of the first point is left to the reader. Let us prove the 
second point. Let W be an invariant open neighborhood of FiflJlj- Let Vi, V2 be 
invariant open neighborhoods respectively of Fi and F2 such that Pi H V2 C W. 
Choose Xi G C°°{N)^ supported in Vi and equal to 1 in a neighborhood of Fj. 
Then X1X2 is supported in W and equal to 1 in a neighborhood of Fi (1 F2. 
Let $1 + $2 = lAr\(FinF2) be a partition of unity relative to the decomposition 
TV \ (Fi n F2) = (iV \ Fi) U (iV \ F2), and where the function are /sT-invariant. 

Then one checks easily that 

(25) pxi (ai) A p^' (aa) - P^^^^ (ai a2) = 

^((-l)'"^'x2rfxi(/3i$2/32) - (-l)l"^lxifiX2(1>i/3i/32)) 

for any Drei-closcd forms = (a,, A) G ^p°'({, N, N\Fi). Remark that $i/3i/32 
is defined on \ F2, so that dx2{^if3iP2) is well defined on A'' and supported in 
V2. Thus the equivariant form (-l)l"ilx2rfXi(/3i$2/32) - (-l)l"'lxirfX2($i/3i/^2) 
is well defined on N and supported in Vi n 1^ C W. Thus p^^{ai) A p'^^(a2) 
and pXiX2 (^Q,^ Q,^) are equal in "^^'(6, N). As this holds for any neighborhood 
W of Fi n F2, this proves that p^.^ (ai) A p^.^ (02) = PfirFs (^^i * 02)- 

If we take F' = iV in (23), we see that the map pp : nP°\t,N,N\ F) 
n^p°\t, N) factors the natural map nP°\t, N,N\F)^ nP°\t, N). 

By the same formulae, we define the morphism of Z2-graded algebras: 

(26) pp:H^it,N,N\F) ^n'^{t,N), 

which enjoys the same properties: 

Proposition 3.17 • If F C F' are closed invariant subsets of N, then the 
diagram 



(27) 



H~(«,iV,iV\F) 



H°°{t,N,N\F') 



Pf 



■Hf{t, N) 



Pf' 



nf,{t,N) 
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is commutative. Here ri and are the restriction morphisms (see (6) and 
(16)). 

• If Fi,F2 are closed invariant subsets of N, then the diagram 
(28) 

n°°{t,N,N\Fi) X H'^{t,N,N\F2) W°°(e, TV, iV \ (Fi n F2)) 



P-FinF2 



PF2 

is commutative. 

If F is a compact ii'-invariant subset of N, we have a natural morphism 

(29) N) ^ nP°\t, N). 

The composition of p^^ with this morphism is the morphism p^ defined in 

(9) : p^(a,/3) is the class of p^{a,f]) = xa + dxP, where x & C°°{N)^ has a 
compact support and is equal to 1 in a neighborhood of F. 

3.6 Integral over the fiber in relative cohomology 

Let TT : A/^ — > B be a /C-invariant fibration, with oriented fibers : the orientation 
is assumed to be invariant relatively to the action of K . Recall the definition of 
"^ber cpt(^' -^)' sub- algebra of AF°^{i,N) formed by the equivariant forms 
which have a support that intersects the fibers of tt in compact subsets, and of 
"^fibcr cpt(^'-^) the corresponding cohomology space. 

We have an integration morphism tt* : -^^^^r c^t^^-' ^) ~^ AF°^{t,B) satisfy- 
ing the following rules: 

(30) 7r*(£»a) = D(7r,(a)), 

(31) TT* (tt* (7) A a) = 7 A TT* (a) , 

for a e ^fibercpt(6'^) and 7 e A^°\t,B). Thanks to (30) the integration 
morphism descends to the cohomology : 

Note that tt* sends Hl''^{t,N) to Wp°'(«,B) and that (31) is still valid in coho- 
mology. 

Remark 3.18 If U is an invariant open subset of B, we have an integration 
morphism tt* : cpt(«' ^"'(t^)) ^ ^^"'(e, U). 
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Let be a if -invariant closed subset of A'' which is compact. We will define 
an integration morphism tt* : nP°\t, N,N\F) nP°\t, B,B\ 7r(F)) which 
makes the following diagram 

(32) N,N\F) B,B\ 7r(F)) 

Pc Pc 

nP''\t,N) HP°\t,B) 

commutative. 

To perform the integration, it is natural to choose a representative [a,P] of 
a relative cohomology class a where a and /3 are supported near F. This can 
be done via the Lemma 3.5: let us choose a i<'-invariant function x which is 
compactly supported and is equal to 1 on a neighborhood of F. Let (q,/3) G 
A^°^{i, N, N \ F). Then the equivariant form x*^ + dxf^ is compactly sup- 
ported and can be integrated over the fiber. Similarly, the form xP belongs 
t° -^fiber cpt(^'''''~^(-^\^(-^))) ^^'^ integrated over the fiber. The expres- 

sion 

7rJ(a,/3) := (tt^x" + c^X/?), 7r*(x/3)) 

defines an element in AP°\t, B,B\Tr{F)). Since we have the relation ttJ oDrei = 
Drei ° TT? the map ttJ descends to cohomology. 

Furthermore, if is Drei-closed, and Xi, X2 are two different choices of 

functions X) we verify that 

TT?^ (a, /3) - 7rJ= (a, /3) = 2?rei (7r4(Xi - X2)/3), O) 

so that the map tt? is independent of the choice of x- 
This allows us to make the following definition. 

Definition 3.19 Let us choose x S C^{N) a K -invariant function identically 
equal to 1 on a neighborhood of F, and with compact support. Then we define 

TT* : [WP°'(e,7V,iV\F)]'= [WP°i(«,B,S\7r(F))]^-<^™^+'^™-^ 

by the formula : TT*{[a,(3]) = [jT*{xoi + dx(3),n*{xP)]■ 
If B is a point, then the integral of o e Wp°'(8, N,N\F) over the fiber is 

just the integral over N of the class Pc(a) G 7iP°'(t, N). 

The same definition makes sense for equivariant forms with C°° -coefficients 

and defines a map tt* : N,N\F)^ n°°{t, B,B\ 7r(F)). 

We now prove 

Proposition 3.20 • The diagram (32) is commutative 

• Let F2 be a compact K -invariant set of N . Let Fi be a closed K -invariant 
set in B. Then, for any a € W°\t, B,B\ Fi) and b € W°\t, N,N\ F2), 
we have 

7r*(7r*ao6) = a0 7r*(6) 
in W°\l, B,B\ (Fi n 7r(F2))). 
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Proof. Let X G C°°{N)^ and x' G C°°{B)^ be two compactly supported 
functions : x is identically equal to 1 on a neighborhood of F and x' is identically 
equal to 1 on a neighborhood of 7r(F). For [a,0\ G nP°\t,N,N\ F), the 
equivariant class Pg0 7r,[a,/?] is represented by 

p^' (tt^ (a, /?)) = x'Mxa + + dx'MxP)- 

On the other hand, the equivariant class tt* o p^[a, /3] is represented by 7r*(xQ: + 
rfx/3). We check that 

p>^'(7r?(a,/3)) - TT^xa + dxP) = -D((x' " l)7r*(x/3)), 

where (x' — l)7r*(x/3) is an equivariant form on B with compact support. Then, 
the first point is proved. 

Let us prove the second point. We work with the invariant open subsets 
U = (7r-i(Fi) nFa), Ui = N\Tr-^Fi), U2=N\F2 oiN, and the invariant 
open subsets U' ^ B \ {Fi D 7r(F2)), U{ = B \ Fi,U^ ^ B \ tt{F2) of B. Note 
that 7r-iC/{ = Ui and tt'^UI^ C U2 : hence tt-^U' C U. 

Let $1 + <I>2 = 1 be a partition of unity on [/ = C/i U C/2 , and let <i>i + $2 = 1 a 
partition of unity on U' = U[UU2 ■ all the functions are supposed invariant. Let 
(ai, and (0:2, /32) be respectively the representatives of a G WP°'(B, B,B\Fi) 
and 6 G 7i''°'(f. A^. N\F2). The equivariant forms a2,P2 are chosen so that their 
supports belong to a compact neighborhood of F2. 

Then 7r*(7r*(o) 06) is represented by (ai7r*(a2), /3) with 

(3 = /3i7r*($ia2) + (-l)l"lai7r*($2/32) + /3i7r*(d$i/32) • 
^ V ' ^ V ' ^ V ' 

/3(1) /3(2) /3(3) 

On the other hand a0 7r*(&) is represented by (ai7r*(a2), /?') with 
/?' = $'i/3i7r*(a2) + (-l)l"l$^ai7r*(/32) +/?id$'i7r4/32) . 

^ V ' ^ V ' V ' 

f}'(2) P'{3) 

Note that the equivariant forms (3'{i) are well defined on S \ [Fx n 7r(J2))- 

Lemma 3.21 The equivariant form 5 ~ <I>2''''*(/?2) ~ 7r*($2/32) is defined on 
B\{Fir\ it{F2)) and supported on B \ {Fi U 7r(F2)). We have 

where the equivariant form Pi AS is defined on B\{Fi C\ it {F2)). It gives the fol- 
lowing relation in A^°\^,B,B\{Fir\'K{F2))) : (ai7r*(Q:2), /3') - (aiTr^^s), /3) = 
IJrel (0,/3i^). 

Proof. The invariant function $2 is defined on U , supported on U2, and 
equal to 1 on [/2 \ {Ui fl U2)- Then its restriction $2U-i((7') is supported on 
TT~^{U2) and equal to 1 on -K-'^iU^) \ {Ui n tt-^{U2)). Similarly the function 
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7r*$2 is defined on 7r~^{U'), supported on Tr~^{U2) and equal to 1 on t''^^{U2) \ 
{Ui n 7r~^(C/2)). Hence the difference 7r*<&2 - ^2|7r-i(£/') is defined on ^'^{U') 
and supported on Uir)'K~^{U2)- This shows that S = 7r*((7r*$2 ~ ^2\,r-'^{u'))P2) 
is defined on U' and supported on U[ nU2- 

We have 

Pi AD {6) = ^id*27r*(/32)-/3i7r*((i$2/32) + /3i A ($;,7r,(a2)-^*($2a2)) 

= -/3'(3) + m + /3i A ((1 - $'i)7r4Q2) - 7r.((l - $1)02)) 
= -/3'(3)+/3(3)-/3'(l)+/3(l). 
We see also that 

{-lp-^D{Pi)AS = -(-l)l"l$^ai7r,(/32) + (-l)l'*lai7r.($2/32) 
= -/3'(2) + /3(2). 

Finally we have proved that D{Pi Ad) = + /3(2) + /3(3) - (3'{1) - /3'(2) - 
/3'(3). 

Remark 3.22 If F is a closed but non-compact subset of N, the morphism 
TT* : nP°\t, N,N\F) ^ WP°i(e, B,B\ Tr{F)) is still defined in the case where 
the image tt{F) is closed, and the intersection of F with each fiber is compact. 
The second point of Proposition (3.20) still holds in this case. 

3.7 The Chern-Weil construction 

Let TT : P — > B be a principal bundle with structure group G. Let to S [A^ [P) (S) 
g)*^ be a connection one form on P, with curvature form ^ = duo + ^[uo^uj]. 

For any G-manifold we define Z = P Xq Z. IfFisaG invariant closed 
subset of Z, then := P Xq F is a closed subset of Z. We consider the 
Chern-Weil homomorphism 

<f>^ : A^°\q, Z, Z\F))^ A{Z, Z \ T) 

defined by (j)oj{a,p) = {(j)^{a),4>u'^^ (3)- We have the relation: 

Proposition 3.23 We have rfrei ° (j^uj = (j^ui ° D^ei- 

We can repeat the construction above in the equivariant case. If P is a G- 
principal bundle with left action of K, and P is a G x ii'-invariant closed subset 
of P, we define 

<f>^ : Z,Z\F)^ ^P°'(6, Z,Z\J^) 

Proposition 3.24 The map 4>^ : AP°\g,Z,Z\F) AP°\t,Z,Z\J^) satisfies 

<Pui O -Orel = -Orel O (l>u- 

On the left side the equivariant differential is with respect to the action of G 
while on the right side, this is with respect to the group K. 
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4 Explicit formulae for Thorn Classes in relative 
cohomology 

4.1 The equivariant Thorn forms of a vector space 

Let V be an Euclidean oriented vector space of dimension d. Consider the 

group SO(y) of orthogonal transformations of V preserving the orientation. 
Let so{V) be its Lie algebra. Consider the projection n : V ^ {pt} and the 
closed subset F = {0} C V. We denote Jy the integration morphism tt* : 
WP°'(so(F), y, V \ {0}) ^ CP°Hso{V)f^^^'> defined in Section 3.6. 

In this section, we will describe a generator over CP°'(so(y))^°(^^ of the 
equivariant relative cohomology space of the pair {V,V \ {0}). This explicit 
representative is basically due to Mathai-Quillen [11]. As a consequence, we 
obtain the following theorem. 

Theorem 4.1 There exists a unique class Threi(l^) in W°^{so{V), V,V \ {0}) 
such that Jy Thrci{V) = 1. This class is called the relative Thorn class. 

Before establishing the unicity, a closed form a 6 A^°^{so{V),V, V \ {0}), or 
in ^P°'(5o(y), V), or in Al°l^^Jiso{V), V), of integral 1 will be called a Thorn 
form. A Thom class will be the class defined by a Thom form. 

We start by constructing Thom forms in the spaces A^°^{so{V), V,V\ {0}), 
^P°i(so(V), V) and Al°l^^^{5o{V), V). The Lie algebra so{V) is identified with 
the Lie algebra of antisymmetric endomorphisms of V. Let (ei, . . . , e^) be an 
oriented orthonormal basis of V. Denote by T : AV — > M the Berezin integral 
normalized by T(ei A • • • A e^) = 1. 

Definition 4.2 The pfaffian of X G so{V) is defined by 

P{{X) = T{e^i'<''^^'''''^^'^^''^^^). 

Here the exponential is computed in the algebra AV. 

Recall that Pi{X) is an SO(F)-invariant polynomial on so{V) such that 
(Pf(X))^ = detviX). In particular this polynomial is identically equal to 0, if d 
is odd. We also denote by Pf (X) e ^p°'(5o(V), V) the function on V identically 
equal to Pf(X). 

Let Xk = {ek,x) be the coordinates on V. We consider the equivariant map 
ft : so(y) — *■ A{V) (E) AV given by the formula 

(33) ft{X) = -t^\\xf + 1 J2 dxkek + \ ^{Xck, ee)ek A e^. 

k k<l 

For any (real or complex) vector space A, the Berezin integral is extended 
to a map T : A (g) AV ^ A by T{a = aT(^) ioi a e A and ^ G AV". If 
d : .A ^ ^ is a linear map, we extend it on ^ AV by d(a (8> ^) = d(a) ^. 
Note that this extension satisfies T o d = d o T. 
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The Bcrczin integral is the "super-commutative" analog of the super-trace 
for endomorphisms of a super-space. We now give a construction for the relative 
Thorn form, analogous to Quillen's construction of the Chern character. We will 
discuss Quillen's construction of the Chern character in tlw^ ncixt chapter (the 
formulae we give here for the "super-commutative case" are strongly inspired 
by the formulae for the curvature of the super-connection attached to the Bott 
symbol: see Section 6.1). 

We consider the SO(y)-equivariant forms on V defined by 

(34) C\{X) 

(35) (X) 

for X e so{V). Here the exponential is computed in the super-algebra A{V) (g) 
AV. 

Lemma 4.3 The equivariant form G\{X) is closed. Furthermore, 

(36) jG\ = -DirjX). 

Proof. The proof of the first point is given in [4] (Chapter 7, Theorem 
7.41). We recall the proof. If e G V, we denote by L/^{e) the derivation of AV 
such that LA{e)v = {e,v) when v G A^V = V. We extend it to a derivation of 
A{V) (g) AV. We denote by L/\{x) the operator J2k-'^k>-A{Gk)- The equivariant 
derivative D which is defined on Cp°^{so{V))^A{V) is extended to a derivation 
of CP°'(so(F)) A{V) ® AV. We have ToD = DoT. 

It is easy to verify that 

(37) {D-2Ua{k))MX)^0. 

The exponential c^^'^^'i satisfies also {D — 2t/,A(x))(c-^'("^)) = 0, since D and 
i/\{yi) are derivations. The Berczin integral is such that T(tA(x)Q:) = for any 
a e A{V) Ay. This shows that D (T(c-'*(^))) = 0. 

Let us prove the second point. As {D — 2tL/\{-x.))ft{X) = 0, we have 

£>oT((^a;feefe)e^*W) = To (D - 2i.A(x)) ((5^a;feefc)e/*W) 

= T(((i^-2tiA(x))-(^Xfcefc))e/'W) 

= T((^dxfcefc-2t||xf)e^*W) 

= 

When t = 0, then C^(X) is just equal to Pf(f ) = ^ Pf (X). When t = 1, 
then C\{X) = T{ef^(^^) = e-ll^ll'0(da;,X) is a closed equivariant class with a 
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Gaussian look on V (with Q{dx, X) a polynomial in dx, X that wc will write 
more explicitly in a short while). This form was considered by Mathai-Quillen 
in [11]. 

Definition 4.4 The Mathai-Quillen form is the closed equivariant form on V 
defined by 

C^(X) :=T(e^^(^)) , Xgso{V). 

We have ri\ = e"*^"^"^ (5(i, X, a;, dx) where Q{t,X,x,dx) depends polyno- 
mially of {t,X,x,dx) where t G M,X € so{V),x G y,dx G A^{V). Thus, if 
a; 7^ 0, when t goes to infinity, ri\ is an exponentially decreasing function of t. 
We can thus define the following equivariant form on V \ {0} : 

POO 

(38) /3a (X) = / n\{X)dt, X G so{V). 

Jo 

If we integrate (36) between and cxd, we get 

C°,=D{P^) on y\{0}. 
Thus the couple (Ca,/3a) defines a canonical relative class 

(39) [Pf(f),/3A(X)] eW%o{V),V,V\{0}) 

of degree equal to dim(y). 

Consider now the equivariant cohomology with compact support of V. Fol- 
lowing (9) we have a map p^ : m°\5o{V), V,V \ {0}) ^ nP°\Bo{V),V). Thus 
[Pf(^), /3a(-'^)] provides us a class 

(40) Cy :=p,([Pf(f ),/3a(X)]) G WrHsc'(y),y). 

As the map p^ commutes with the integration over the fiber (see (32)), it is the 
same thing to compute the integral of (39) or of (40). 
The orientation on V is given by rfa;i A • • • A dxd- 

Proposition 4.5 Let x G C^{V) he an SO (V) -invariant function with compact 
support and equal to 1 in a neighborhood o/O. The form 

C^(X) = xPf(f) + rfx / vl{x)dt 
Jo 

is a closed equivariant form with compact support on V . Its cohomology class 
in H^{so{V),V) coincides with Cy ; in particular, it does not depend of the 
choice of X- For every X G so{V), 

- f C^X) = 1, 

Jv 

with cd = (-l)'^^7r<'/2_ j'f^y^g f C^(X) is a Thom form in A^°^{so{V),V). 
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Proof. The first assertions are immediate to prove, since Cy = 

([Pf(^),/3A(-''^)])- The class of Cy in compactly supported cohomology do 
not depend of x- To compute its integral, we may choose x = /(ll^^ll^) where 
/ £ C°°(]R) has a compact support and is equal to 1 in a neighborhood of 0. 
The component of maximal degree of the differential form dx A r]\{X) is 

_2(-l)^fd- V'(||a;||2)||a;||2e-*'ll-ll'da;i A • • • A dx^. 
Hence, using the change of variables x — > jx, 




i(t) 

Since for t > 0, I{t) = ^ (/y /(^)e-"^ll'(ix) , we have JyC^{X) = 
e-M'dx = 

Using Mathai-Quillen form, it is possible to construct representatives of a 
Thom form with Gaussian look. 

Proposition 4.6 The Mathai-Quillen form C\{X) is a closed equivariant form 
which belongs to Alll_^^p{so{V),V). For every X € so(V), 

1 / C\iX) = l, 

Jv 

with ea = (-l)'^7r<^/2. Thus j^G\{X) is a Thom form in Alf^_^^p{so{V), V). 

Proof. Indeed, only the term in dxi A dx2 A • • • A dxd will contribute to 
the integral. This highest term is (— 1) * 2 ' e~ll^ll^da;. 

We summarize Propositions 4.5 and 4.6 in the following theorem. 

Theorem 4.7 Let V be an oriented Euclidean vector space with oriented or- 
thonormal basis (ei, . . . , e^). Let := (— 1) ' 2 ' tt''/^. Let T : AV — > R 6e the 
Berezin integral. Let, for X e so{V), 

ft{X) = -t'^Wxf +t'^dxkek + ^'^{Xek,ee)ek Aei, 

k k<l 

ri\{X) = -T|^(^x,e,)e/*wj, 

poo 

P^{X) = / v\{X)dt. 
Jo 
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• Let 

Th,,i{V) = - (Pf(|^),/3A(X)) , X G BoiV). 

Then Threi(V) G A^°Hao(V),V,V \ {0}) is a Thorn form. It defines a Thorn 
class, still denoted Th.,^x{V), in W°\so{V), V,V\ {0}). 

• Let 

The(y) = -C^(X) = 1 (xPf(f ) + dxP^iX)) , X G so{V). 

Then Th^iV) G A^°^{so{y),V) is a Thorn form. It defines a Thom class, still 
denoted ThciV), in n^°^{so(y),V). 

Here x G C°°{V)^'^^^^ is an invariant function with compact support and 
equal to 1 in a neighborhood ofO. 

• Let 

ThMQ(V^) = -C\{X) = It (c^'i(^)) , X G so{V) 
ed Ed V / 

be the Mathai-Quillen form. Then ThMQ(y) G -4^elrap(-S°(^)' ^) « ^^o"* 
form. It defines a Thom class, still denoted T]imq{V) , in H^°l_^^p{so{V),V). 

Thus the use of the Berczin integral aUowed us to give shm formulae for 
Thom forms in relative cohomology, as well as in compactly supported coho- 
mology or in rapidly decreasing cohomology. 

Let us explain the relation between the Thom forms — and —Cl. For 
t > 0, it is easy to see that the forms Cy{X) and C\{X) differ by the differential 
of an equivariant form with Gaussian decay. We could deduce this fact as a 
corollary of the unicity theorem, that we will prove soon, but we prove it here 
directly by giving explicit transgression formulae. 

Proposition 4.8 For any t>0,C^ = m H^°l^^p{5o{V), V). 

Proof. Fix t > 0. The form = e^* P{t, dx, X) is rapidly decreasing 
on V, thus C*^ G ^dec-rap (^''(^)' Define on V\{0} the equivariant form = 

rjf^ds. We have ry^ = e""""^"^ P(s, X, a;, da;) where P{s,X,x,dx) depends 
polynomially of {s,X,x,dx). For s = t + u, e~*ll^ll^ = e~*ll^ll^ e~"ll^ll^, thus 
P\ is rapidly decreasing when tends to oo. The transgression formula (36) 
integrated between t and oo shows that = D{l3\) on F \ {0}. Thus Cy* := 

xC\ + dxPX is a closed equivariant form belonging to -^dec-rap (^''(^)' '^^^ 
two following transgression formulae are evident to prove: 

- C^;' = D (^X J\xds^ and C^;' - = D {{x - ■ 
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Thus we obtain - = D{S), where 

6:=x [ vXds + (X - 
Jo 

is an cquivariant form defined on V which is rapidly decreasing. So we have 
C^ = C\ in Kt(B0{V),V). 



Remark 4.9 In the next sections, we will keep the same notations for the Thorn 
classes and for their representatives defined in Theorem ^.1. 

Before going on in proving the unicity, let us give more explicit formulae for 
the Thom forms we have constructed. 



4.2 Explicit formulae for the Thom forms of a vector space 

If I = [ii, Z2, . . . , Zp] (with < 12 < • • • < ip) is a subset of [1, 2, . . . , rf], we 
denote by e/ = Ci ^ A e^^ A ■ • ■ A e^^^ . If X is an antisymmetric matrix, we denote 
by Xi the sub-matrix ((Xci, Cj))^ ^g^, which is viewed as an antisymmetric 
endomorphism of the vector space V/ generated by ej,i € /: let Pf(X/) be its 
pfafRan, where Vi is oriented by e/. One sees easily that 

(41) e2^fe<i<^^'=''=^>^'=^'=^ = ^Pf(X/)e/ in A V. 

Only those / with |J| even will contribute to the sum (41), as otherwise the 
pfafHan of Xi vanishes. 

If I and J are two disjoint subsets of {1,2,..., d}, we denote by e(/, J) the 
sign such that e/ A ej = e(/, J) e/uj. 

Proposition 4.10 • We have Th,ei(^)(X) = ^ (Pf(f ),/3a(X)) with 

/3A(x)=5:7(M..)Pfm^;pjT, 

with 

7(M,.) = ( </, jym. / u J). 

Here for 1 < k < d, the sets I, J vary over the subsets of {1,2, ... ,d} such 
that {k} U / U J is a partition of {1,2,..., d}. Only those I with \I\ even will 
contribute to the sum. 
• We have 

Th,(y)(X) = l(/(||x|nPf(f) + 2/'(||x|n(^x,dx,)/?A(X)) 
ed ^ ' 

where f is a compactly supported function on M, identically equal to 1 in a 
neighborhood ofO. 
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• We have 

ThMQ(F)(X) = ^e-ll-ll^5^(-l)^e(/,7')Pf(^)^i^/'- 

Here I runs over the subset of {1,2,..., d} with an even number of elements, 
and I' denotes the complement of I. 

Proof. Since dxkek and dxiei commute we have 

e«E.to ^ Y[{l + tdxkek) 

k 

E, , , 1 J|-l) , I Tl 

(-1) 5 dxj ejtl-^l. 

J 

If we use (41), we get 

(42) = e-*^li-li^^e(/,J)(-l)^^Pf(^)dx.e.u.il^l 

I, J 

where the /, J run over the subsets of {1, 2, . . . , d} which are disjoint. If we take 
t = 1 in (42), we see that 

T (e^'^(^)) = e-ll-ll' Pf (4^) dxr. 

I 

The third point then follows since (— 1)' "'2' ' = (— 1) * 2 ' (_i) V. 
Equation (42) gives also 

V\{X) = -e-*^INI^T[(^x,e,)(5:e(7,J)(-l)^^Pf(i^)da.,e,ujil^l) 

y k i,j 

= _e-*^ll-f ^ e{I,J)e{{k},IUJ){-l)''^Pii^)xkdxjt\'K 

k,I,J 

where the sum runs over the partitions {k} U / U J = {1, . . . , rf}. If we integrate 
the last equality between and infinity, and use the formula e~* f^dt = 
|r(^), we get the first point. 

The second point follows from the definition. 

Let us give the formulae for Thi.ei,Thc,ThMQ for small dimensions. Here / 
is a compactly supported function on R, identically equal to 1 in a neighborhood 
of 0. 
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ExEimple 4.11 7/dimy = 1, then SO{V) is reduced to the identity. We have 

/3A = -i^^/^^ = -^7ri/^sign(x), 



so that 

Th,ei(F) = (0,-isign(x) 

TKiV) = -f'ix^)\x\dx, 

ThMQ(F) - ^e-II^II'dx. 

Example 4.12 Let V = Mei © Me2 of dimension 2. We have 

_ XidX2 - X2dXi 

2pp 

so that 

Th,ei(V^)(X) = ^(pf(f),/3^), 

TK{V){X) = -l(/(||xf)Pf(f)+/'(||x||2)rfxiAdX2), 

ThMQ(F)(X) = le-lNI=(-Pf(f) + ..,A.x.). 
Exeimple 4.13 Let V = Mei ® Re2 ® Mes o/ dimension 3. VFe /laue 

rV2 



= -^||^(^a;i(Xe2,e3) + a;2(Xe3,ei) +X3(Xei,e2>j 
4||x 



+ , xidx2 A da;3 + a;2rfa;3 A dxi + xsdxi A dx2 



so that 

The equivariant form Thc{V){X) is equal to 

1 fiM' 



if-rM f(^i (^62, e3)+a;2(Xe3, ei)+a;3(Xei, e2))(d||a;f )-2cia;iA(ix2A(ix3) . 
The equivariant form ThMQ(V^)(^) is equal to 
~ 27r^/^ e'll'^ll^ (^(Xe2, 63)^X1 + (^63, ei)dx2 + (Xei, 62)^X3 - 2(ia;i A iix2 A (ix3^ . 



29 



4.3 Unicity of the Thorn forms of a vector space 

The following theorem is well known in the non equivariant case. 

Theorem 4.14 • The relative class Th^eiiV) is a free generator of 
nP°\so{V),V,V \ {0}) over Cp°'(so(F))'50(^). Thus Th,ei(y) is the unique 
class m nP°\so{V), V,V\ {0}) of integral 1. 

• The equivariant class ThdV) is a free generator of Hl°\5o{V),V) over 
CP°'(so(y))S°(^) . Thus Thc(y) is the unique class in Hp°\so{V), V) of integral 
1. 

• The Mathai- Quillen class THmqC^) is a free generator o/7ij°^.jg^p(5o(y), V) 

overCP°\so{V)f°^^'>. Thus ThMQ(V^) is the unique class in nl°l^^p{so{V), V) 
of integral 1. 

The same theorem holds in the C°° -category. 

Proof. We give the proof of the second point first. Let tv{X) be a 

closed equivariant form with compact support, so that Jyty = 1- Wc want to 
prove that any closed equivariant form a{X) in A^°^{5o{V), V) is proportional to 
tviX) in cohomology : a = Qty in n'P°\soiV),V) with Q G CP°\soiV)f°^^\ 

Let Ex(f) = —V be the transformation — Idy. Wc consider the space V xV. 
The transformation g{t){vi,V2) = {cos{t)vi + sin{t)v2, — sm{t)vi + cos{t)v2) is 
a one-parameter transformation of V x V which commutes with the diagonal 
action of SO(y) and preserves the pair {V xV,V xV\{{0,0)}). The transforma- 
tion ^(0) is the identity, while g{^){vi,V2) = {v2, -vi). Let S■.VxV—^VxV 
be the vector field on V x V associated to the action of the one-parameter 
subgroup g{t). Thus Sy-^^y^ = i-V2,vi). 

We denote by 7ri,7r2 the first and second projections of V xV on V. Let 
ai,a2 be closed equivariant forms in A^°^{so{V),V). The exterior product 
Ai2 = 7r*Q;i A TT*a2 belongs to ^P°'(so(y), V xV). 

Let us apply the transformation g(t) to Ai2- Define 

A{t)=g{ty{A^2)- 

Then A{fS) = TrJ'ai A 112(^2 while — TTgai A tt* Ex* 012- If the equivariant 

form ai are supported in the balls B{Q,ri) C V, we see that the equivariant 
A{t) is supported in the ball B(0, ri -\- r2) <Z V x V for any t e K. 

We have ^^(t) = C{S)A{t) = D{i{S)A{t)) from Cartan's relation (1). Thus 
the cohomology class of A{t) remains constant. We obtain that, for homoge- 
neous elements a\,a2, 

irlai A 'K2Ct2 = "^2^1 A i^i Ex* a2 = (— l)'"^""^'7rj Ex* a2 A 1:2(^1 

in HP°^(5o(V),V X V). 

We now consider the first projection tti -.V xV and the corresponding 
integral over the fiber (tti)* (see Section 3.6). Note that the map (tti)* o 7r| : 
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n'P°\so{V),V) CP°'(so(F))S°(^) corresponds to the integration map Jy. 
Thus we obtain the relation 

(^J ai = (^J Ex* as 

in nP°\so{V),V). 

Let us apply this relation to the couple (a, Ex* ty). As JyF,x*tv — (— 1)'*™^ 
we obtain that a = Q{X)tv, with Q{X) = e Jya{X). Thus, if a is not zero, 
we can assume that its degree is of same parity that dimV, and we obtain the 
relation 

(43) " ^ (/ 

in Hf°^{5o{V), V). This proves that ty is unique in cohomology, and is a gen- 
erator of nP°^{so{V),V). 

The third point is proved in exactly the same way. 

Let us prove the first point. To prove the fact that Thrci(T^) is a generator of 
H^°^{so{V),V, V \ {0}), we apply the same one parameter transformation g{t) 
which acts on V x V and preserves the subset {{0,0)} C V x V. Here we use 
the product o from 

W\so{V), VxV,{V\ {0}) xV)x W°\so{V), VxV,Vx{V\ {0})) 

into nP°\so{V),V xV,V xV\ {(0,0)}). For a couple (01,02) of Drei-closed 
elements in A^°^{so{V), V,V\ {0}), we consider the product 

7ri*(ai)o7r2*(a2) e AP''\so{V),V x V,V xV \{{0,0)}) 

and their transformations g'(f)*(7r5|'ai 7r|a2) which are in the same cohomology 
class. We need the 

Lemma 4.15 We have the following equality 

5(f)*(7ri*ai0 7r^(a2)) = (-l)l"ill"=l7r^ Ex* ajOTT^ai 
in ■HP°\so{V),V X V, F x F \ {(0,0)}). 

Proof. We consider the covering V x V \ {(0,0)} = UiU U2 where Ui := 

(V \ {0}) X V and t/2 = V X (F \ {0}). Let $ = ($1, $2) a partition of unity 
subordinate to this covering: the functions $fe are supposed SO(y)-invariant. 
We have also the group of symmetry generated by ^ := 5(f). We have 0{Ui) = 
U2, 6(112) = Ui and 9'^{x, y) = {—x, —y). We can suppose that the functions 
are invariant under 6^, and that 0*{^i) = $2- 

Let flfe := (afc,/3fe) e Ap°\so{V),V,V \ {0}), k = 1,2. Recall that 
ttJoi 0$ 7r2a2 is equal to (7r*ai A 77102, /3$(7riai, 77202)) with 

/3$ (771 01,77302) = 

$l77i*/3l A 77^02 + (-l)l''^l77^ai A $277^/32 - {-1)^"'^ d^l A 77i*/3l A 77^/32. 
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Then 0*(7r*ai o$ 7r2a2) is equal to (6'*(7rJ'ai A 7r2a2), 6'*(/3$(ai, 02))). We know 
already that 6*{Trlai A 7r2a2) is equal to Ex* a2 A Triai. Let us 

compute 

r(/3$(7ri*ai,^2*«2)) 

= r (<I>i7ri/?i A TT^aa + (-l)'"''^^! A *27r2/?2 - A 7ri/3i A Tvlp2^ 

= $27r2/3i A ttI Ex* 02 + (-I)'"^l7r2ai A $i7rj Ex* /?2 

_(_l)kile^$2 A TT^A A < Ex* /32 
= (-l)l«^ll«=l/3*(7ri*Ex*a2,7r2*ai). 

So the elements ^*(7rjai 0$ 7r2a2) and (— l)!"!!!"^!^^^ Ex* a2 0$ 7r|ai coincide in 
AP°\so{V), VxV,VxV\ {(0, 0)}). 

We have proved that 

7ri*ai0 7r;a2 = (-l)l''ill"=^l7r* Ex* a2 7r2*ai 

holds in nP°^{so{V),V x V,V x V \ {(0,0)}) for any couple (01,02) in 
H'^°^{so{V),V,V \ {0}). Then we consider the integral over the fiber of tti 
and we apply Proposition 3.20. The rest of the proof is the same. 

Remark 4.16 At the level of equivariant forms, Equality (43) can be made 
more specific as follows. We have the following equality in A^°^{so{V), V): 

(44) a{X) = (^j^ a{X)^ tv{X) + D{5){X) 

w/iere5 = (-l)'i™(^)+i(7ri)* {jl i{S)A(t)^ , and A{t) = g{t)* {nla ATrl^Eyi* ty) ■ 
We have also a control on the support of the equivariant form S. If a and ty 
are supported respectively in the balls B{0, r) and -8(0, e) of V, the form 6 is 
supported in the ball -6(0, r + e). 

Since the map p^ : nP°\so{V), V,V\ {0}) ^ WP°i(so(y), V) sends the class 

Th].ei(V^) to the class Thc(F), Theorem 4.14 shows that is an isomorphism. 
We can specify this property as follows. We have p^ = J o P{o} where 

P{0} : nP°\50{V), V, V \ {0}) ^ ni;^^{so{V), V) and 

j -.ni^isoivhv) ^nr\Bo{v),v). 

is a natural map (see Lemma 3.11): let us recall its definition. A class in 
H^^y{so{V),V) is defined by a collection [yu] G 'H^'^{so{V),V), where U runs 
over the open neighborhood of {0}, and such that ru,u'['yu'] = [lu] for U' C U. 
The image of {["iu])u by j is the class defined by the closed the equivariant form 
ju in '^c°'^{bo{V), V), for any relatively compact open neighborhood U. 
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Theorem 4.17 • The maps j and P^a} isomorphisms. 

• Similarly, the maps p^g^ : H°°(so(F), F \ {0}) ^ H^}(so(l/), F) and 
j : H|^}(so(F), — > K^{so(y),V) are isomorphisms. 

Proof. Since Pc = J o P{o} is a-n isomorphism, it is enough to prove that 
j is one to one. Let {Yiu])u an element in the kernel of j : for any relatively 
compact open neighborhood U of {0}, we have 7(7 = in 'H^°^{so{V), V). If we 
show that 7c/ = in Hfj°\5o{V), V), it gives that {[julh = 0. Let U' = B{0, r) 
be a ball and < e << 1 such that B{0, r + e) is included in U. 

We use (44) with the closed equivariant form ju' siipported in the ball 
B{0, r), and a Thom form ty supported in the ball B{0, e). We have the following 
relation in Al°\soiV),V) 

= m{x) 

since ju' = 7c/ = in H^°^{so{V), V). This proves that 7c/ = ru,u'{7u') = in 

wp°'(so(y),y). 

4.4 Explicit relative Thom form of a vector bundle and 
Thom isomorphism 

Let M be a manifold. Let p :— V M he a. real oriented Euclidean vector 
bundle over M of rank d. In this section, we will describe a generator over 
Ti.{M) of the relative cohomology space of the pair (V, V \ M). We will use 
Chern-Weil construction. 

Recall the sub-space ^fiborcpt(V) C A{V) of differential forms on V which 
have a compact support in the fibers of p : V ^ M. We have also defined 
the sub-space Alec-rap (V). The integration over the fiber is well defined on the 

three spaces AP°\t, V, V \ M), AZ\r cpt(*' "^^) and ^!j°Lap(*' and take values 
in A{M). A Thom form on V will be a closed element which integrates to the 
constant function 1 on M. 

The bundle V is associated to a principal bundle P M with structure 
group G = SO(y), where V = W^. We denote 5o{V) by q. An element y G P 
above a; € M is by definition a map y : V —>■ conserving the inner product 
and the orientation. Thus P is equipped with an action of SO(V'): g-y — yg~^ ■ 

Definition 4.18 Let u he a connection one form on P, with curvature form SI. 
The Euler form Eul(V, w) G A{M) ofV^M is the closed differential form on 
M defined by 

Eul(V,cj) ;= Pf 

The class o/Eul(V, w), which does not depend ofco, is denotedEu\{V) € T-L'^{M). 
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Remark 4.19 Since the pfaffian vanishes on so{V) luhen dimT^ is odd, the 
Euler class Eul(V) e H'^{M) is identically equal to when the rank ofV is odd. 

Consider the Chern-Weil map 

where the manifold Z is the {pt}, V, or Z = V \ {0}: hence the quotient 
manifold Z = P Xq Z are respectively M, V and V \ M. In order to simplify 
the notations we denote all these maps by (f>^. The map maps A^°^{q, V) to 

•^fiber cpt (V) and Altr.piB,V) to ^dcc-rap(V). 

Recall the equi variant differential forms defined in Theorem 4.7 ; 

Threi(V^) e AP°\5,V,V\{0}), 
TK{V) e Ar\3,V), 

ThMQ(F) e Altr.pi9,V). 

We can take the image of these forms via the Chern-Weil map. We consider 
the transgression form /3v,a; S A'''~^{V \ M) defined by /3v,a; = ^oj{I3a)- 

Definition 4.20 • The relative form Thi.oi(V,w) G A'^{V,V \M) is the image 
of Th,^i{V) e ^P°'(fl, V,V\ {0}) by the Chern-Weil map cj)^ : 

Th,ei(V,a;) = -(p*Pf(f),/3v,..). 

• The form Thfiber cpt(V, lo) G ^J^^cr cpt (^) '•'^ defined as the image o/Thc(F) e 
^P°'(0, y) hy the Chern-Weil map (f)^. 

• The Mathai-Quillen form ThMQ(V, G A'^^^_^^^{V) is defined as the im- 
age o/ThMQ(V) G ^!;lrap(0>^) ^y the Chern-Weil map cpi^: 

The form Thi.oi(V, w) is relatively closed, since f3\> is defined on V\M and sat- 
isfies (i/3v,aj =P*Pf(§)- The forms Thgber cpt(V, w) and ThMQ(V,w) are closed 
de Rham differential forms. We denote Threi(V), Thfiber cpt (V) and ThMQ(V) 
the corresponding cohomology classes. Since the map (j)^^ commutes with the 
integration over the fiber, these cohomology classes images are Thom classes. 

We obtain the analog of Theorem 4.14. 

Theorem 4.21 . 

• The relative class Thrci(V) is a free generator ofTi.{V,V\M) over'H{M). 
Thus Threi(V) is the unique class in 'H{V, V \ M) with integral 1 along the fiber. 
We say that Thi.ei(V) is the Thom class in Hiy, V\M). 

• The class Thfiber cpt (V) is a free generator o/ Wfiber cpt(V) over H{M). 

Thus Thfiber cpt(V) is the unique class in TYfibor cpt(V) with integral 1 along the 
fiber. We say that Thfiber cpt(V) is the Thom class in Tifibcr cpt(V). 

• The Mathai-Quillen class ThMQ(V) is a free generator o/7idec-rap(V) over 
H{M). Thus ThMQ(V) is the unique class in Wdec-rapCV) with integral 1 along 
the fiber. We say that ThMQ(V) is the Thom class in Wdec-rap(V). 
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Proof. The proof is the same than the proof of Theorem 4.14. We work on 
the sum of vector bundles V © V over M and we relate the identity on V © V to 
the exchange of the two copies of V via a one-parameter transformation group. 

From the explicit formulae for Thgber cpt) ThjviQ, we obtain the following 
proposition. 

Proposition 4.22 The restriction of the Thorn classes Thfiter cpt(V) or ThMQ(V) 
to M is the Euler class Eul(V) . 

Let us give explicit expressions for the forms Threi(V, to), Thfiber cpt(V, uj) as 
well as ThMqCl^jO;). Let us fix an oriented orthonormal basis [ci, . . . ,ed) of 
V. We write u = J2k e^keE^ where E^ is the transformation of V such that 
^ei^i) = Si^kGe- Here iVkt are 1-forms on P and cOke = — The curvature O 
is ri = J2k,e ^ktE^ where Vlke = dukt + J2j ^ji ^ ^kj- 

The connection V on V ^ M induced by the connection form u) is the 
operator V = d+u acting on {C°°{P)i^V)'-^ with values in (^i(P)hor«'V^)'^- The 
Chern-Weil map (f)^, : A'^{g, V) — > {A{P x V)hoi)'^ admit a natural extension 

<l>^ ■■ (C°°(0) 8) A{V) AVf {A{P X y)hor AVf 

such that T o 0^ = o T. 

Let ft G {CP°\g) (g) AiV) (g) AV)^ be the map defined in (33). The element 
ft '■— ^oj{ft) is defined by the equation 

(45) f^ = -t'WxW'' + tY,mer + ^ ^f^fe^efe A 

i k<l 

where 7]i = dxi + '^^ ^H^i is a horizontal 1-form on Px T^. If / = {i^ < ■ ■ ■ < ik} 
is a subset of [1, 2, . . . , d], we denote by t]j the product rji^ A ■ ■ ■ A r]i^. 

Let T]X G {Cp°\q) (S) A{V))^ be the trans gression forms defined in (34) . The 
element (j)u{r}\) G A{P x y)bas satisfies 

<t>u.{Tl\) = -0a.oT((^a;feefe)e/*(^)) 

fc 

= -To0^((^xfcefe)e/*W) 

k 

= -T((^a;feefe)e^"). 

k 

We use the same notations as in Proposition 4.10. 

Proposition 4.23 • The form /3v,w = 4>u{l3^) is defined in A{P x (F \{0}))bas 
by the relation 

/•CO 

/3v,a, = -j T ((^ XfeCfe) e-*'ll"ll'+* "^^^+5 ^^<^ ^Mee ^ _ 
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More explicitly, 



k,I,J 

• The form Thgber cpt(V,a;) is defined in A{P x F)bas by the relation 

Thfibercpt(V,a;) = l(xPf(§) + dx/3v,a,). 

where x is a SO (V) -invariant function on V, identically equal to 1 in a neigh- 
borhood, of 0. 

• The form Th]v[Q(V, w) is defined in A{P x l^)bas by the relation 

ThMQ(V,a;) = — T f e~^^'^^^^~^^'''T'^''~^i^i'<e^keekAee\ 

More explicitly 

ThMQ(V,a;) = ^e-ll-ll^ J2 (-l)^e(7, /') Pf(^)^/'- 

/ even 

This gives an explicit expression of /3v,w and thus of Threi(V, co) in functions 
of the variables xj, dxj on V, the connection one forms Uke and the curvature 
forms ilke of an Euclidean connection on M. 

The form ThMQ(V, lo) is the representative with Gaussian look of the Thom 
form constructed by Mathai-Quillen [11]. 

We also obtain: 



Theorem 4.24 • The map H{V,V \ M) — > Wm(V) is an isomorphism. 
• If M is compact, the map Tiiy, V \ M) HdV) is an isomorphism. 



4.5 Explicit equivariant relative Thorn form of a vector 
bundle and Thom isomorphism 

We can repeat the construction above in the equivariant case. Assume now that 
V is a iiT-cquivariant vector bundle. Then V is associated to a X-cquivariant 
principal bundle P ^ M with structure group G = SO{V). The principal 
bundle P is provided with an action of JsT x G. If y : F — » Va; is an orthonormal 
frame, then ((/, k) ■ y ~ kyg~^ is a frame over kx. 

Let w be a JsT-invariant connection one form on P, with curvature form fl. 
For F G «, we denote by ii{Y) = -l{VY)uj e C°°{P) g the moment of F e 6. 
The equivariant curvature form is ^1{Y) = f2 + /u(F), Y G t. 

Consider the Chern-Weil maps 

where the manifold Z is the {pt}, V, or Z = V\ {0}. See (4) for the definition. 
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Definition 4.25 Let lu be a connection one form on P , with curvature form 
Jl. The equivariant Euler form Eul(V,a;) G A^°^{t,M) ofV^M is the closed 
equivariant form on M defined by 



In other words, Eul(V,w) is the image by the Chern-Weil map 4>a, of the invari- 
ant polynomial X Pf(^^)- class o/Eul(V, w), which does not depend 
of to, is denoted Eul(V) G HP°\t,M). 

As integration over tlie fiber commutes with tlie Chern-Weil construction, 
the image by (p^ of Thorn classes are Thom classes. We define the transgression 



form PvAY) G V \ M) by 

Definition 4.26 • The relative equivariant form Th^ei{V , lo) € ^p°'({, V, V\M) 
is the image ofThrei{V) G Ap°\q,V,V\{0}) by the Chern-Weil map (t)^. More 
explicitly, for Y £t 



• We define the Mathai-Quillen form ThMQ(V,a;)(F) G -^dei-rap(^' ^) 
image of ThuQiV) G -^dec-rapCfl' ^) Chern-Weil map (p^: 



The equivariant form Threi(V,a;) is relatively closed, since /3v,a; is defined on 
V\M and satisfies D{l3v^oj) = P* Pf(§)- The equivariant forms Thfiber cpt(V, w) 
and ThMQ(V,ci;) arc closed equivariant differential forms. Wc denote Thi.ci(V), 
Thfiber cpt(V') and ThMQ(V) the corresponding equivariant cohomology classes. 
Since the map <pu; commutes with the integration over the fiber, these cohomol- 
ogy classes images are equivariant Thom classes. 

With the same proof as the non equivariant case, we obtain the following 
Theorem. 

Theorem 4.27 • The relative class Threi(V)(F) is a free generator of 
W^°^.^^p(e,V,V \ M) over nP°\t,M). Thus Threi(V) is the unique class in 
H^°i{t,V,V \ M) with integral 1 along the fiber. We say that Threi(V) is the 
equivariant Thom form in Ti-^^^ {t, V, V \ M). 




Th,ei(V,u;)(y) = - Uvi{^l),(3v,^{Y)) . 



• We define the equivariant form Thfiber cpt(V, ct;)(F) G -^.g^^j. ^p^. (t, V) as 
the image o/Thc(V) G A^°^{q,V) by the Chern-Weil map (j)^: 



Thfiber cpt(V,w)(F) := (<^<,The(y))(y). 



ThMQ(V,o.)(y) := ThMQ(F))(y). 
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• The equivariant class Thfibcr cpt{V){Y) is a free generator o/Hg^^j. ^^^{t, V) 

over HP^^t, M) . Thus Thfiber cpt(V) is the unique class in H^bor cpt(*' ^) 
integral 1 along the fiber. We say that Thgber cpt (V) is the equivariant Thorn 
forminnltropti^^V). 

• The Mathai-Quillen class ThMQ(V)(y) is a free generator ofH^°l_j.g^p{t,V) 

over H^°^{t, M). Thus TIimq(V) is the unique class in 'Hdec-rap(t, V) with inte- 
gral 1 along the fiber. We say that ThMQ(V) is the equivariant Thorn form in 

"^dec-rap 

Proof. The proof is the same than the proof of Theorem 4.21. 

From the exphcit formulae for Thfiber cpt (V, ThMQ(V, a;)(F), we ob- 

tain the following proposition. 

Proposition 4.28 The restriction of the equivariant Thorn class Thfiber cpt(V) 
(or ThMQ(V)j to M is the equivariant Euler class Eul(V). 

Let us give explicit expressions for the equivariant forms Thfiber cpt(V, lo){Y) 
as well as ThMQ(V,u;)(l") : we will express them as _K-equivariant map from t 
into A{P X F)bas- We use the same notations as in Proposition 4.23. 

We denote by fJ,{Y) the moment oi Y G t with respect to the connection 
V = d + uj. By definition ^(F) = C(Y) - Vvy = -iiVY)uj where VY is the 
vector field on P associated to Y £t. Thus n{Y), viewed as a SO(y)-invariant 
map from P into so{V), satisfies 

KY) = -J2{^ke,VY)El 

k,e 

For the equivariant curvature we have fl{Y) = J2k e ^ke{Y)Ef with 
^ke{Y) = diou + A LOkj - {u)ke, VY). 

3 

As usual in equivariant cohomology, formulae for equivariant classes are 
obtained from the non equivariant case by replacing the curvature by the 
equivariant curvature. 

Proposition 4.29 • The transgression form Pv,ui{Y) is defined by the following 
formula : for F e 6 we have 

poo 

/3v,^(y) = -y T((^Xfcefc)e-*'ll^ll'+*^''''^'+^5:.<.n.,.(Y)e.Ae.y 
More explicitly, 

k,I,J II II 
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• Let X be 1 SO{V) invariant function on V, identically equal to 1 in a 
neighborhood o/O. We have thus 

Thfiber cpt(V,a;)(y) = - (xPf(^) + dx^vAY)) , ^ e «• 

• We have 

ThMQ(V,w)(y) = — T ( e~^^''^^^+^'''T''"' + i^''<e<^i'dY)ekAee\ Y € t. 

More explicitly 

ThMQ(V,u;)(y) = ^e-M^ ^ (_l)^e(/,/')Pf(^)ry/', Y€t 

^ I even 

We obtain similarly: 

Theorem 4.30 • The map Pm : n'P°\t,V,V\ M) ^^^'(6, V) is an isomor- 
phism. 

• IfMis compact, the map : HP°\t,V,V\ M) ni°\l,V) is an iso- 
morphism 

5 The relative Chern character 

Let A'' be a manifold equipped with an action of a compact Lie group K. 

5.1 Quillen's Chern form of a super-connection 

For an introduction to the Quillen's notion of super-connection, see [4] . 

Let ^ be a complex vector bundle on A''. Let V be a connection on !F. The 
curvature of V is a End (JF) -valued two-form on N . Recall that the (non- 
normalized) Chern character of is the de Rham cohomology class Ch(^) G 
n{N)+ of the closed differential form Ch(V) := Tr(e^'). 

Suppose now that J- \s a, ii'-equivariant vector bundle, and suppose that V 
is iiT-invariant. For any X € 4, we consider jJ^ {X) = C{X) — Vyx which is an 
End(^)-valued function on A'': here C{X) is the Lie derivative of X, acting on 
A{N,^), and Vvx is equal to i{VX)V. Then Ch(V)(X) = Tr(e^'+''^(^)) is 
a closed equivariant form on A'^: its class Ch(^) G H'^{t,N) is the equivariant 
Chern character of !F. 

More generally, let £ = (B£~ be an equivariant Z2-graded complex vector 
bundle on A''. We denote by A{N,Ejid{£)) the algebra of End(£')-valued dif- 
ferential forms on N. Taking in account the Z2-grading of End(£'), the algebra 
^(A'', End(£')) is a Z2-graded algebra. The super-trace on End(f) extends to a 
map Str : A{N,End{£)) A{N). 
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Let A be a JC-invariant super-connection on f , and F = its curvature, 
an element of A{N, End{£))~^ . Recall that, for X G t, the moment of A is the 
equivariant map 

(46) : « — ' End(5))+ 

defined by the relation ij,^{X) = £(X) — [i(yX), A]. We define the equivariant 
curvature of A by 

(47) F{X) = A^ + //(X), X €t 

We usually denote simply by F the equivariant curvature, keeping in mind 
that in the equivariant case, F is a function from t to ^(iV, End(f ))+. 

Definition 5.1 ( Quillen) The equivariant Chem character of{£, A) is the equiv- 
ariant differential form on N defined by Ch(A) = Str(e^) (e.g. Ch(A)(X) = 
Str (e^W);. 

The form Ch(A) is equivariantly closed. We will use the following transgression 
formulas: 

Proposition 5.2 • Let At, fort e M, 6e a one-parameter family of K -invariant 
super-connections on £, and let J^Aj G A{N, End{£))~ . Let Ft be the equivari- 
ant curvature of At. Then one has 

(48) |ch(A,) = i.(str((|A,)e-*)). 

• Let A(s, t) be a two-parameters family of K -invariant super- connections. 
Here s,t gR. We denote by F{s,t) the equivariant curvature of A{s,t). Then: 

A St, ((|AM))e'<"))-i^ str «'<••") 

= D(^j\tr ((AA(s,f))e"^(^'*)(^A(s,t)) e^i-")^^^'*) . 

These formulae are the consequences of the two following identities. See [4], 
chapter 7. 

• If we denote by A{(X) the operator A — l{VX) on A{N, End{£)), then we 
have the relation: 

F{X) = AtiXf + C{X). 

• If a is an equivariant map from t to A{N, End(£')), then one has 

D (Str(a(X))) = Str[A((X), a{X)]. 

Then, using the invariance by K of all terms involved, the proof of Proposi- 
tion 5.2 is entirely similar to the proof of Proposition 3.1 in [12]. 

In particular, the cohomology class defined by Ch(A) in 7i°"{t,N) is inde- 
pendent of the choice of the super-connection A on £. By definition, this is the 
equivariant Chern character Ch{£) of £. By choosing A — V+ ® V~ where 
are connections on f this class is just Ch(f+) — Ch{£~). However, different 
choices of A define very different looking representatives of Ch{£). 
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5.2 The relative Chern character of a morphism 



Let £ = (S) be an cquivariant Z2-gradcd complex vector bundle on N and 
(7 : f + £~ be a smooth morphism which commutes with the action oi K. At 
each point n € N, a{n) : 5+ — > is a Unear map. The support of a is the 
-fC-invariant closed subset 

Supp(cr) = {n £ N \ a{n) is not invertible}. 

Definition 5.3 The morphism a is elliptic if S\ipp{a) is compact. 

Recall that the data {£'^,£^,a) defines an element of the equivariant K- 
theory K^^ (A'') of N when a is elliptic. In the following, we do not assume a 
elliptic. Inspired by Quillen [13], we construct a cohomology class Chrei((j) in 
n°°{l,N,N\Supp{a)). 

The definition will involve several choices. We choose invariant Hermitian 
structures on £^ and an invariant super-connection A on 5 without exterior 
degree term. This means that A = X)j>i A[j], where A[ij is a connection on 
the bundle £ which preserves the grading, and for j > 2, the operator Ayj 
is given by the action of a differential form ujy] G A' (N,End{£)) on A{N,£). 
Furthermore, uiy^ lies in A' {N,End{£)^) if j is even, and in (A, End(£^)"'") if 
j is odd. 

We define, with the help of the invariant Hermitian metric on £^, the dual 
of the morphism a as an equivariant morphism a* : £^ — > £^. Introduce the 
odd Hermitian endomorphism of £ defined by 

Then = ^ ^ ^ ^ ^ is a non negative even Hermitian endomorphism 

of £. The support of a coincides with the set of elements n G N where the 
spectrum of v^{n) contains 0. 

Definition 5.4 We denote by ho-{n) > the smallest eigenvalue ofv^{n). 



Consider the family of super-connections A'^(t) = A + itVa, f G M on f . The 
equivariant curvature of A'^{t) is thus the map 

(50) F{a, A, t){X) = -t^vl + it[K, v„] + + n^{X), X G 6 

with exterior degree term equal to —t^v'^ + ii^q-^{X). As the super-connection 

A do not have exterior degree term, both elements it[K, v^j] and A^ are sums 
of terms with strictly positive exterior degrees. For example, if A = © V~ 
is a direct sum of connections, then zf[A, Wo-] G .4^(A, End(f )~) and A^ G 
A^{N, End(£:)+). 

Consider the equivariant closed form Ch(cr, A, t)(A) := Str (e^^'^'*'*)^'^)). 
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Definition 5.5 The Quillen Chern character form ChQ(cr) attached to the con- 
nection A is the closed equivariant form 

Ch(a, A, 1){X) := Str (e--l+ii^,-^]+^'+i^^W^ . 
Consider the transgression form 

(51) r]{a, A, t){X) := - Str [iv^ QFia,A,t)m^ . 

As iva = ^A'^(t), we have ^ Ch{a,A,t) = -D{r]{a,A,t)). After integration, it 
gives the following equaUty of equivariant differential forms on A'' 

(52) Ch(A) - Ch(cr,A,i) L) r){a,A,s)ds^ , 

since Ch(A) = Ch(CT,A,0). 

We choose a metric on the tangent bundle to N. Thus we obtain a norm 
II — II on AT* A' (g) End(£„) which varies smoothly with n & N. 

Proposition 5.6 Let fCi x IC2 be a compact subset of N x t. 
• There exists est > such that, if (n, X) £ ICi x IC2, 

(53) en<'A,t){X) ^ ^ ^-^dimN ^-hAn)t^^ g^jj ^ > Q 

• T/ie differential forms Ch((T, A, t)(X) and r]{cr, A,t)(X) (and all their partial 
derivatives) tends to exponentially fast when t ^ 00 uniformly on compact 
subsets of {N \ Supp(cr)) x 6. 

Proof. To estimate || e^*^'^'"*'*"^"'^^ ||, we employ Proposition 7.3 of the 
Appendix, with the variable x — {n,X) and the maps R{n,X) = v'^{n), 
S{n,X) = n^{n){X), and T{t,n,X) = it[A,v„]{n) + A'^{n). The same estimate 
holds for ||D(a) • e^('^''*''*)(^) ||, when old) is differential operator on A' x 6. 
Hence the second point follows from the fact that inf„gx:i ha-{n) > when the 
compact subset /Ci lies inside A' \ Supp((7). 



The former estimates allows us to take the limit f ^ cx) in (52) on the open 
subset A'\Supp(ct). We get the following important lemma (see [13, 12] for the 
non-equivariant case). 

Lemma 5.7 We can define on N \ Supp(0-) the equivariant differential form 
with smooth coefficients 

/>oo 

(54) (3{(j,A){X)= r]{a,A,t){X)dt, Xet 

Jo 

We have Ch(A)|jv\supp(a) = D{P{a,A)). 
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Wc arc in the situation of Section 3. The closed equivariant form Ch(A) 
on N and the equivariant form f3{a, A) on N \ Supp(c7) define an even relative 
cohomology class [Ch(A), f3{a, A)] in n°°{t, N,N\ Supp(a-)). 

Proposition 5.8 • The class [Ch(A), /3(o-, A)] € H°°{i,N,N \Supp{a)) does 
not depend of the choice of A, nor on the Hermitian structure on £. We denote 
it by Chrci(o') and we call it Quillen's relative equivariant Chern character. 

• Let F be an invariant closed subset of N . For s € [0, 1], let as '■ — > £~ 
be a family of equivariant smooth morphisms such that Supp(crs) C F. Then all 
classes Chrei(crs) coincide in 1-1°° (t, N,N\F). 

Proof. The proof is identical to the proof of Proposition 3.8 in [12] for the 
non equivariant case. 



5.3 Tensor product 

Let £1,82 be two equivariant Z2-graded vector bundles on N. The space £1 (^£2 
is a Z2-graded vector bundle with even part £^ ® £2 (B £1 ® £2 and odd part 
£^ ®£t ®£i ^£2- 

Remark 5.9 If Ei and E2 are super vector spaces, the super-algebra Eind{Ei)(Si 
End(£'2) is identified with the super-algebra End(i?i (g)i^2) 'via the following rule. 
For vi G Ei,V2 G E2,A€ End(i5i), B e End(i?2) homogeneous 

{A O B){vi O V2) = O Bv2. 

The super-algebra A{N, End{£i (g) £2)) can be identified with 

A{N, End(£i)) (g) A{N, End(52)) where the tensor is taken in the sense of super- 
algebras. Then, if A G A°{N, Eiid{£i)-) and B £ A°{N, End{£2)~) are odd 
endomorphisms, we have (A (g) Ids^ + Id^i B)^ = (g) Ids^ + Idsj (g B'^. 

Let ai : £^ f j~ and C72 : £2 ~^ ^2 smooth equivariant morphisms. 

With the help of /C-invariant Hermitian structures, we define the morphism 

(Ti (72 : (£1 «) £2)^ > {£1 g) £2y 

by CTi © (72 := (71 (g Id^H- + Id^-f (g (72 + Id^- (g cr^ + © Id^- . 

Let and Uo-a be the odd Hermitian endomorphisms of £1 , £2 associated 
to (71 and (72 (see (49)). Then VaiQcr2 = Vcn © Idf:^ + Ids^ © and v^^q^^ = 
v"^^ © Idfj + Idfj © y-^^. Thus the square v'^^q^^ is the sum of two commuting 
non negative Hermitian endomorphisms v'^^ © lds2 and Idsi ® "^^2 ■ follows 
that 

Supp((7i C72) = Supp((7i) n Supp(a2). 
We can now state the main result of this section. 
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Theorem 5.10 (The relative Chern character is multiplicative) Let 

(7i,<j2 be two equivariant morphisms over N. The relative equivariant coho- 
mology classes 

• Ch,ei(fTfc) e N, N \ Supp(afc)), k = l,2, 

• Chrei(ai©a2) e7^°°(t,7V,iV\(Supp(ai)nSupp(a2))) 
satisfy the following equality 

Chrel(0-i (T2) = Chrel(fTi) O Chrel(cr2) 

in H°°{i, A^, iV\ (Supp(cri)nSupp(cr2))). Here o is the product of relative classes 
(see (11)). 

Proof. The proof is identical to the proof of Theorem 4.3 in [12] for the 
non equivariant case. 



5.4 The equivariant Chern cheiracter of a morphism 

Let (7 : — > 5~ be an equivariant morphism on N. Following Subsection 3.5, 

we consider the image of Chrci(o') through the map TL°°(t, N,N \ Supp((j)) 
'^Supp(<7) C^' following theorem summarizes the construction of the image. 

Theorem 5.11 • For any invariant neighborhood U of Supp(cr), take x € 
C°°{N)^ which is equal to 1 in a neighborhood of Supp(cr) and with support 
contained in U. The equivariant differential form 

(55) c(a, A, x) = X Ch(A) + dx P{a, A) 

is equivariantly closed and supported in U. Its cohomology class cu{a) € 
{t, N) does not depend of the choice of (A, x) and the Hermitian structures 
on Furthermore, the inverse family cu{ct) when U runs over the neighbor- 
hoods o/Supp(tT) defines a class 

Ch,„p(a)eHe°,pp(.)(«,7V). 

The image of this class in H°°{t,N) is the Chern character Ch{£) of £. 

• Let F be an invariant closed subset of N. For s G [0, 1], let cr^ : f + — > £~ 
be a family of smooth morphisms such that Supp(crs) C F. Then all classes 
Chsup(i7s) coincide in Hp'{t,N). 



Definition 5.12 When a is elliptic, we denote by 
(56) CK{a)Gn^{i,N) 

the cohomology class with compact support which is the image of Chsup(o') S 
Ws^pp(a)(«'^) through the canonical map W^pp(<,) (6, A^) ^ n^{t,N). 
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A representative of Chc((T) is given by c{a,A,x), where x G C°°{N)^ is 
chosen with compact support, and equal to 1 in a neighborhood of Supp(cr) and 
c(f7, A, x) is given by Formula (55). 

We will now rewrite Theorem 5.10 for the equivariant Chern characters Chgup 
and Che. Let ai : £^ ^ £^ and a-2 : — > £2 smooth equivariant 

morphisms on A^. Let cri (T2 : {£1 ® £2)^ {£1 ® £'2)~ be their product. 

Following (19), the product of the elements Chsup(o'fc) G ^SuppCcrfc)^^' '^'^^ 
k = 1,2 belongs to Ws°°upp(.,)nSupp(..)(e: ^) = ^SuM^,e..)(^' ^^"^ 
Theorem 5.13 • We have the equality 

Ch,,p(<Ti)ACh,up(a2) = Chsup(<Ti0a2) in nZp^^,^e.Ji,N). 

• // the morphisms ai , a2 are elliptic, we have 

Ch,(ai) ACh,(a2) = Che(ai0a2) in HT{t,N). 

Proof. This follows from Theorem 5.10 and the diagram (24). 

The second point of Theorem 5.13 has the following interesting refinement. 
Let iTi,a2 be two equivariant morphisms on N which are not elliptic, and as- 
sume that the product ai@a2 is elliptic. Since Supp(iTi)nSupp(iT2) is compact, 
we consider equivariant neighborhoods Uk of Supp((7fe) such that UiC\U2 is com- 
pact. Choose Xk G C°°{N)^ supported on Uk and equal to 1 in a neighborhood 
of Supp(a-/s). Then, the equivariant differential form c(a-i, Ai, xi) Ac(cr2, A2, X2) 
is compactly supported on N, and we have 

Che(CTi0CT2) = c(CTi,Ai,xi)Ac((T2,A2,X2) m n^{t,N). 

Note that the equivariant differential forms c{ak,Ak,Xk) are not compactly 
supported. 



5.5 Retarded construction 

We have defined a representative of the Chern characters Chi.oi(o-) and Chsup(o') 
using the one-parameter family A"^ (t) of super-connections, for t varying between 
and 00. Quillen's Chern character ChQ{a) = Ch(a, A, 1) is another represen- 
tative. We will compare them in appropriate cohomology spaces in the next 
section. 

Consider any T G M. We have Ch((7, A, T) = D{l3{(7, A, T)) with /3(c7, A, T) = 
r]{a,A, t)dt. It is easy to check that the following equality 

(57) ( Ch(A), /3(a, A)) - ( Ch(a, A, T), /3(a, A, T)) = 

Drei r}{a,A,t)dt, oj 
holds in A°°{t, N,N\ Supp(cr)). Hence we get the following 
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Lemma 5.14 For any T e M, the relative Chern character Chrei(a') satisfies 
Chrei(CT) = [ Ch((7, A, T), /3(o-, A, T)l in H°°{1, N,N\ Supp(o-)). 

Using Lemma 5.14, wc get 

Lemma 5.15 For any T >0, the class Chsup((7) can be defined with the forms 
c{a, A, x,T)=x Ch(a, A, T) + dx P{ct, A, T) . 

Proof. It is due to the following transgression 

(58) c{a, A, x) - c{a, A, x, T) = D{x [ r]{a, A, t)dt), 

Jo 

which follows from (57). 

In some situations the Quillen's Chern form ChQ(cr) = Ch(cr, A, 1) enjoys 
good properties relative to the integration. So it is natural to compare the 
equivariant differential form c{a,A,x) and Ch((T, A, 1). 

Lemma 5.16 We have 

c{a,A,x) - ChQ(a) = ^ (x^ r]{a,A,s)ds^ +l?((x - l)/3(a, A, 1)) . 
Proof. This follows immediately from the transgressions (52) and (58). 

5.6 Quillen Chern character with Gaussian look 

As we have seen, Mathai-Quillen gives an explicit representative with "Gaussian 
look" of the Thorn class of a Euclidean vector bundle V M. Similarly, 
they give an explicit representative with "Gaussian look" of the Bott class of a 
complex equivariant vector bundle V — >■ M. The purpose of this paragraph is to 
compare the Mathai-Quillen construction of Chern characters with "Gaussian 
look" and the relative construction. 

Let V be a real ii'-equivariant vector bundle over a manifold M. We denote 
by p : V ^ M the projection. We denote by {x, ^) a point of V with x G M 
and ^ GVx- Let £^='= ^ M be two K-equivariant Hermitian vector bundles. We 
consider a if-equivariant morphism a : p*f + — > p*S~ on V. 

We choose a metric on the fibers of the fibration V — > M. We work under 
the following assumption on a. 

Assumption 5.17 The m,orphism, a : p*£~^ p*£~ and all its partial deriva- 
tives have at most a polynomial growth along the fibers of V —> M . Moreover 
we assume that, for any compact subset K, of M , there exist R > and c > 
such that^ w^(x,^) > c||^|p when ||^|| > R and x G K.. 



^This inequality means that ||(t(i;, > c||^|p||w|p for 
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Let V = V"*" © V be a -invariant connection on £ M, and consider 
the super-connection A = p*V so that A'^(t) = p*V + itv^. Then, the form 
Ch(c7, A, 1)(X) has a "Gaussian" look. 

Lemma 5.18 The equivariant differential forms Ch{a, A, 1){X) and f3{a, A, 1)(X) 
are rapidly decreasing along the fibers. 

Proof. The equivariant curvature of A"^ (t) is 

F{t)(X) = p*F(X) - t'^vl + it[p*V,v„]. 

Here F G A^{M, End{£)) is the equivariant curvature of V. 

To estimate e^^*^(X), we apply Lemma 7.2 of the Appendix, with H = t^v'^, 
and R = —p*¥ — ii[p*V, v^,], S = fi^{X). The proof is very similar to the proof 
of Lemma 5.17 in [12] for the non equivariant case and we skip it. 

Theorem 5.19 Quillen's Chern character form Gh.Q{a) 6 -^d^c-rap C^' ^) '"^pre- 
sents the image of the class Ch^up (cr) e W^pp(^)(l, V) in 'Hf^^_^^^{i,V) . 

Proof. The proof is entirely analogous to Proposition 5.18 in [12] and we 
skip it. 



5.7 A simple example 

Thus there are three useful representations of the equivariant Chern character of 
a morphism a: the relative Chern character C\i^ai{a) E H°°{i,V,V \ Supp((7)), 
the Chern character with support Chsup(o') € '^supp(o-) ^) ^^'-^ '^^^ 
of vector bundles) the Chern character with Gaussian look. We will describe 
these explicit representatives in the three cohomology spaces in a very simple 
example. 

Recall the following convention. Let V = ® V~ be a Z2-graded finite 
dimensional complex vector space and A a super-commutative ring (the ring of 
differential forms on a manifold for example). Consider the ring End(V^) (g) A. 
Let {ei}f^^^ be a basis of V+ and {fjjf^i^' a basis of V'. Consider the odd 
endomorphism Mj :V^V such that Mj{ei) = fj, and sending all other basis 
elements of V to 0. Similarly, consider the odd endomorphism : V —> V such 
that Rlifj) = Ci, and sending all other basis elements of V to 0. 

Convention 5.20 Let a € A. The matrix written with a in column i and row 
j, and for all other entries, represents Mj a, in the ring End{V) (8) A. The 
matrix written with a in column dim F+ + j and row i, and for all other 
entries, represents Rl®a in the ring End{V) (g) A. 

Let U{1) = K he the circle group. We identify the Lie algebra u(l) of U{1) 
with M so that the exponential map is 9 i-^ e*^. 
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Consider the case where V = ~ C and K = U{1) acts by rotation: 
t ■ z = tz {ot: z G C and t G U{1). Take E+ = V x A°V and E' = V x A^V. 
The action of U{1) on E+ = C x C is t ■ [z,u] = [tz,u]. The action of U{1) on 
E- =CxC is t-[z, v] = [tz, tu\. 

We consider the Bott symbol ab{z) = z which produces the map cr(,([z, u]) = 
[z, zu] from to E~ . Then, the bundle map ab commutes with the action of 
U{1) and defines an element of Kp^j^j(R^). Recall that the Bott isomorphism 

tell us that K^^^j(M^) is a free modulo over K^^^^(pt) = R{U{1)) with base ah- 
We choose on E^ the trivial connections = V~ = d. Let A = V"^ © V~. 
The moment of A is the map 

The equivariant curvature F(^) of A is equal to thus we have the 

following formula for the equivariant Chern character 

(59) Ch(A)(0) = 1-e'^ 

With the conventions of 5.20, the equivariant curvature F{t) of the super- 
connection A^''{t) := A + itVai, is written in matrix form as 

- ( -r ) . ( _L -r ) - ( ) . 

for 6 G u(l) ~ M. We compute e^'*^^^^ using Volterra's formula. We obtain 

pF(f)(0) ^ ^-t^\z\^ ( 1 + {g'ij-Q) - giiO))t^dzdz itg{ie)dz 

\ itg{ie)dz e'^ +g'{ie)t'^dzd:z 

where g{i0) = Hence Str(e^(*)W) = -g{ie)iie + t^dzdz) e-*^^^^\ Here 

viab,A,m = -^Str((0 J ) o^OW^ 
= g{i9){zd:z -zdz)t e~*^^^^'^ . 
For z ^ 0, we can integrate 1 1— > r]{ab, A, t){6) from to oo and we obtain 

Piab,Am=g{ie)^^^^. 

Take / G C°° (R) with compact support and equal to 1 in a neighborhood of 

0. LetxW :=/(kl')- 

Similarly to the Thorn form, wc can give formulae for the three different 
representatives of the Chern character. 
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Proposition 5.21 • The class Ch.eiiab) € 'H°°(u(1),M2^k2 \ {0}) is repre- 
sented by the couple of equivariant differential forms: 

id e*^ —1 zdz — zdz 
1 _ p'" 

' ie 2|z|2 

• The Chern character with compact support is represented by the equivariant 
differential form 

c{ab,A,x) = x(l-e*') + rfx/3('Tb,A) 

= ^^{-f{\z\')i9 + n\z\')dzAdz). 

• Quillen's Chern character with Gaussian look ChQ(cr(,) is represented by 
the equivariant differential form 

^lzlQ-M\\ie + dzAdz). 
if) 

Comparing with Example 4.12, we see that the Chern character form in all 
of these different versions is proportional to the Thom form 

CKam = (2i7r)^Th(y)(^). 

Wc will see in the next section that this identity generalizes to any Euclidean 
vector spaces. 

6 Comparison between relative Thom classes and 
Bott classesrRiemann Roch formula 

Let p : V ^ M he & /sT-equivariant Euclidean vector bundle over M of even 
rank. Here we compare the relative Chern character of the Bott symbol and the 
relative Thom class. Both classes live in the relative equivariant cohomology 
space T-L°°{t, V, V \ M). The formulae relating them is an important step in the 
proof of the Grothendieck-Riemann-Roch relative theorem [5], as well as the 
Atiyah-Singcr theorem [1, 2]. As usual, the relation is deduced from an explicit 
computation in equivariant cohomology of a vector space. 

6.1 The relative equivariant Bott class of a vector space 

We consider first the case of an oriented Euclidean vector space V of dimension 
d = 2n. Let 

c : C1(F) ^ Endc(5) 

be the spinor representation of the Clifford algebra of V. We use the conven- 
tions of [4] [chapter 3] for the spinor representation. In particular, as a vector 
space, the Clifford algebra is identified with the real exterior algebra of V. The 
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orientation of V gives a decomposition S = © S~ which is is stable under 
the action of the group Spin(y) C C\{V). 

We consider the Spin(y)-equivariant vector bundles Sy —Vx <S^ over V : 
recall that the action of Spin(y) on the base V is through the twofold covering 
T : Spin(y) ^ SO{V). 

The Clifford module S is provided with an Hermitian inner product such 
that c(a:)* = — c(.t), for x E V. We work with the equivariant morphism 
fTy : Sy Sy defined by: for x € V, 

(Tv{x) := —ic{x) : S~^ — > S~ . 

Then the odd linear map Va-{x) : S ^ S is equal to —ic(x). We choose on Sy 
the trivial connections V"*" = V~ = d. Thus the super-connection At := A+itVa 
is 

At = d + tc{x). 

The Lie algebra spin(y) of Spin(y) is identified with the Lie sub-algebra 
A'^V of Cl(y) and the exponential map is the exponential inside the Clifford 
algebra. The differential of the action of Spin(y) in 5 is y i— > c{Y). We denote 
by y G spin(V^) i-^ G so(V^) the differential of the homomorphism r (it is an 

1/2 

isomorphism). We need the function : so{V) K defined by 

X/2 _ p-X/2 - 



Then jy ^(X) is invertible near X = as jy ^(0) — 1. 

For y G spin(V), the moment ii{Y) = C{Y) - [At, i{VY)] is equal to c{Y). 
Hence the equivariant curvature of the super-connection is the function Ft : 
spin{V) A{V,E7idc{S)), given by 

(60) Ft(y) = -t^\\xf +tY,dxkCk +Y,YkiCkCi. 

k k<l 

Here Y = J2k<i^kiek A e; G 5pm{V) and c{Y) = Y.k<i^kiCkCi : we have 
denoted by the odd endomorphism of <S produced by G F C G\{y). 

This formula is very similar to the form ft that we used to construct the 
Thom form, see Subsection 4.1. For Y G 5pin(F), we write 

ft{Y^) = -t'\\x\\''+tY,dxkek + \Y,YkiekAei 

k k<l 



= -t'^\\x\\'^ + t^dxkek + ^Yki ekAei. 



k<l 



In order to compute the relative Chern character of a we follow the strategy 
of [4] [Section 7.7]. However, our convention for the Chern character Ch(A) = 
Str(e'^') is different from the one of [4], which decided that Ch(A) = Str(e-'^'). 
Thus we carefully check signs in our formulae. 
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We consider in parallel the closed equivariant forms on V 

Ch(At)(F) = Str(e^* , C*^(y^) := T (e-f*(^")) , Y€spm(V). 

In the first case, the exponential is computed in the super-algebra End(<S) (g) 
A{V) and in the second case, the exponential is computed in the super-algebra 

AiV) ® AV. 

We also consider in parallel the equivariant forms 



(y) = -Str(|(^x,c,)e^'(^)j , r,Ui^^):=-T(^(^Xfcefc)e/'(^^)j 



Proposition 6.1 Let Y G spin{V). We have 

Ch(A,)(r) = {~2^r i\/'{Yn C^iVn, v\{Y) = (-2z)" tf{Y^) v\{Y^). 

Proof. The first identity is proved in [4] [Section 7.7] with other con- 
ventions. For clarity we perform the computations. We fix y G spin(y) ~ 

A^y and we take an oriented orthonormal base (e^) of V such that Y = 
Efc=i Afce2fe-i A e2fe. Hence }\f\Y^) = Hk'-ij^. For 1 < A: < n, let 

bk = t{dx2k-ie2k-i + dx2ke2k) + Afee2fc-i A e2k- 
Since BiBj = BjBi and bibj = bjbi, we have e^*(^) = e"*"!!^!!" Hfe e'^'= and 

Lemma 6.2 We have 



Bu \ , ,2/SinAfc - AfeCosA 



COsAfe + )dX2k-ldX2k + 

Afc 

sin Afe 2 7 sin Afc 

— (Afc - t dX2k-ldX2k)C2k-lC2k + t— {dX2k-lC2k-l + dX2kC2k) 

Afc Afe 

m ^(V, Endc(5)), and 

e'''= = 1 + (Afe - t^dx2k-idx2k)e2k-i A e2k + t{dx2k-ie2k-i + dx2ke2k) 

in A{V) (g) Ay. 

Proof. The identity for c^*" is obvious since {bkY = when i > 2. When Afe = 
the identity for c^*" can be proved directly since (dx2fc-iC2fe-i + dx2kC2ky = 
for i > 2. When Afe 7^ we can write 

Bk = Afe(c2fe-i + tX^^dx2k){c2k - tX^^dx2k-i) - t'^X^^dx2k-idx2k- 
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If we let ^1 = C2fc-i + iAj, ^dx2k and ^2 = C2fe - tX^. ^dx2k-i, then ^1 = ^| = -1, 
^1^2 + ^2^1 = and the £,i commute with dx^k-idx^k- Thus, we see that 

= (cos Afe + sin A^i^2) (l - t'^ X^^dx2k-idx2k) 

= (^cosAfc + sinA(c2fe-i + tAj:^c!a;2fe)(c2ft - iAj^^dx2ft-i)^ x 

^1 - t"^ X^^ dx2k-idx2ky 

Since Str(ci • • • C2n) = (— 2z)" and Str(ci^ ' ' ' Ci,) = for / < 2n, Lemma 6.2 
gives that Ch(At)(y) = (-2i)" (ilf^C^) (Y^) where 

CUYI = e-*'ll^ll' nl^.iXk - fdx2k-idx2k). 
We found also that tjKY) = (-2i)" (jy ^Jy^) with 

n 

j?^(y^) = -te~* ll^ll ^nj^fc(Ai - t^da;2i-irfa;2i)(a;2fcrfa;2fc-i - X2k-idx2k)- 

k=l 

The difference of the Chcrn character of the bundles Sy with trivial connec- 
tion d is Ch{S:^){Y) - Ch{S:^){Y) = Ch(Ao)(y). By the preceding calculation, 
we obtain 

Ch(Ao)(y) = (-2irjf (y-)Pf(i^). 

To compute the relative Chern character of the morphism ay we need the 
Spin(y)-equivariant form 

POO 

Pc{Y) = / vl{Y)dt 
Jo 

which is defined onV x {0}. By Proposition 6.1, we obtain 

Lemma 6.3 The S-pm{V) -equivariant form Pc{Y) and P/^{Y'^) = r]%{Y'^)dt 
are related onVx {0} by 

/?e(y) = {-2irj]/\Y^)(3^{Y^), Y G spin(y). 

We then obtain the following comparison between the Thorn classes and the 
Chern characters of the symbol cry. 

Theorem 6.4 • We have the following equality in H°° {spin{V) , V,V\ {0}) 

(61) Chrel(ay)(r) = (2Z^)" i]/\Y-) Th,el(T^)(r"). 

• We have the following equality in T-C'^{spin{V),V) 

(62) CKiavW) - (2z^)" j^/'(r^) The(y)(y^). 

• We have the following equality in 'H^^_^^p{spin{V) , V) 

(63) ChQ(ay)(r) = (2m)" ilf^Y^) ThuqiY^). 
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6.2 The Bott class of a vector bundle 



Let M be a manifold equipped with the action of a compact Lie group K. Let 
p : V ^ M be an oriented -fC- vector bundle of even rank 2n over M. 

6.2.1 The Spin case 

We assume that V has a iiT-equivariant spin structure. Thus V is associated to 
a iV'-equivariant principal bundle P ^ M with structure group G = Spin(y). 
We denote by § the Lie algebra spin(V). 

Let w be a if-invariant connection one form on P, with curvature form Q,. 
For X e e, we denote by iJ.{X) = -i{VX)Lu G C°°{P)(E>q the moment oiX. The 
equivariant curvature form is Cl{X) = fl + IJ.{X), X £ t. For any G-manifold Z, 
we consider the Chern-Weil homomorphisms 

where Z = P Xq Z. 

Let Sm = P XqS he the corresponding i^-equivariant spinor bundle over 
M. Let p*Sm — > V be the pull-back of Sm to V by the projection p -.V ^ M. 
We have p*Sm — P where Sy = V x S \s the trivial bundle over V . 

Let V^-" be the connection on Sm — * M induced by the connection form 
Lo : V^*^ := + c{ijj) where c is the representation of Spin(F) on S. 

Let X : V ^ p*V be the canonical section. We consider now the K- 
equivariant morphism on V, cry : P*S'^ — > P*^m^ defined by 

cry = —i c(x). 

We consider the family of super-connections on p*Sm defined by A^^ = p* V^" + 
tc(x). In the previous section we worked with a family At of super-connections 
on the trivial bundle S xV ^V. Let Ch(crv,A,t) G A°°{t,V) and Ch(At) G 
be the corresponding Chern forms. Let ri{ay,A,t) G A°°{t,V) and 
r?* G A°°{g, V) be the corresponding transgression forms. 

Lemma 6.5 We have the following equalities: 

0^(Ch(At)) = Ch(av,A,t) in A°^{t,V), 

and 

(/)^(77*) =77(av,A,t) in A°^{t,V\M). 
Proof. See [4], Section?.?. 

Let be the connection on V ^ M induced by the connection form uj : 
V'^ = -I- t(w) where r : Spin(y) ^ SO(y) is the double cover. Let F^{X) = 
(V^ - i{VX)f + C{X), X G e be the equivariant curvature of V'^. 
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Definition 6.6 We associate to the K-equivariant (real) vector bundle V — >■ M 
the closed K-equivariant form on M defined by 

( f'^(x) F^(X) \ 

We denote i^^^{V){X) its cohomology class in H°°{i-,M). It is an invertible 
class near X = and its inverse j^^^ {V){X)~^ is the equivariant A-genus ofV. 

1 /2 

It is easy to see that the image of the invariant polynomial Y i-^ jy (V^) 
by the Chern-Weil homomorphism (j)^^ is equal to j^/^(V^) (see [4], Section?. 7). 

We consider the sub-space A"^^^ cpt(^' ^) ^ A°°{i, V) of i^T-equivariant forms 
on V which have a compact support in the fibers of p : V ^ M. Let H^^^ cpt(^' ^) 
be the corresponding cohomology space. The Chern-Weil homomorphism (j)^^ : 
-4°°(fl, V) V) maps the sub-space .A^(b, V) into ^^^{t, V). 

Consider now the equivariant morphism ay on V. The support cry is equal 
to M, hence its relative Chern Character Ch].ei(a"v) belongs to H°° (£, V, V \ M). 

If we take the image of the equalities of Theorem 6.4 by the Chern-Weil 
homomorphism (j)^ we obtain the following 

Proposition 6.7 We have the equalities: 

Ch,ei(av) = (2i7r)V (j'/'(V)) Th,ei(V) in V, V \ M). 

Chfiber cpt(av) = (2i7r)>* {i'^^V)) Thfiber cpt(V) in Wg^^er cpS, V). 

ChQ(av) = (2i7r)>* {}'/\V)) ThMQ(V) in WSc-rap(«. V). 
6.2.2 The Spin"^ case 

We assume here that the vector bundle p : V ^ M has a if-cquivariant Spin'^ 
structure. Thus V is associated to a if- equivariant principal bundle P'^ M 
with structure group := Spin'^(y). 

Let C/(l) := {e*^} be the circle group with Lie algebra of u(l) R. The 
group Spin'^(y) is the quotient Spin(y) Xz^ U(l), where Z2 acts by (—1,-1). 
There are two canonical group homomorphisms 

T : Spin'=(F) ^ SO{V) , Dot : Spin"(t/) ^ U{1) 

such that r'^ = (r, Det) : Spin'^(y) — *■ SO(y) x C/(l) is a double covering map. 

Definition 6.8 The K-equivariant line bundle Ly := XDot C over M is 
called the determinant line bundle associated to the Spin^ structure on V. 
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Let V'^'^ be an invariant connection on Ly adapted to an invariant Hcrmitian 
metric. Let F^'^ (X) , X € 6 be its equivariant curvature 2-forni. Even if the 
line bundle Ly does not admit a square root, we define (formally) the Chern 
character of the square root as follows. 

Definition 6.9 The Chern character Ch(Ly''^) e n°°{i,M) is defined by the 
equivariant form ei^ ^ . 

Since the spinor representation extends to Spin'^(y), the Spin'^ structure on 

V induces a JT-equivariant spinor bundle <S^ := P'' Xqo S on M. Like in the 
Spin case, one considers the iV'-equivariant morphism ay : p*S'^ — > p*S'^~ , 
defined by cry = —i c(x) where x : V — > p*V is the canonical section. 

Proposition 6.10 We have the equalities 

Ch,eiK) = (2z7r) V (j'/'(V) Ch(4/')) Th,ei(V) in V, V \ M). 

Chfiber cpt(<T^,) = (2i7r)>* (i'/\V) Ch{hll')) Thfiber cpt(V) in Wg"^,, ^^,{t, V). 

ChQ(a^,) = (2m) V (j'/'(V) Ch(4/')) ThMQ(V) in HZc-r.p{^,V). 

Proof. It is an easy matter to extend the proof of the Spin case. The Lie 
algebra of spin" (y) of Spin''(F) is identified with spin(V") x R. 

First one consider the the case of an oriented Euclidean vector space V 
of dimension 2n equipped with Spin'^(V)-equivariant vector bundles <Sy^ := 

V X S'^'^ over V. Recall that the action of Spin'^(F) on the base V is through 
r'^ : Spin'^(F) 5o{V). Here S'''^ are the spinor spaces <S^ but with the 
(extended) action of Spin'^(V^). 

Then we consider the Spin'^(y)-equivariant morphism ay : Sy'^ — > Sy~ , 
defined by ~ — ic(x). The Spin'^(F)-equivariant curvature of the super- 
connection At = d + tc{x) is 

(64) Ft{Y, 6) = ¥t{Y) + iO, {Y, 6) G spin^(F), 

where Ft(y) is the Spin(y)-equivariant curvature compute in (60). Then we 
get the easy extension of Proposition 6.4 

Lemma 6.11 We have the following equality in .4^(spin'^(y), V) 

(65) Che(a^)(F, 6) = (2i7r)" e^^ }\f\Y-)Th,{V){Y-). 

We come back to the situation of the ii'-equivariant vector bundle V — > M. 
We consider a iiT-invariant connection one form oj on the Spin'^(y)-principal 
bundle P'^ M. 

We prove Proposition 6.7 after taking the image of (65) by the Chern- Weil 
homomorphism (j)^. Note that ?!>a,(e'^) = Ch{h\l'^) in H°°{t,M). 
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6.2.3 The complex case 

In this section we treat the special case where the Spin'^ structure comes from 
a complex structure. 

We assume that p : V — > M is a /T-equivariant complex vector bundle 
equipped with compatible Hermitian inner product (— , — ) and connection V^. 
We consider the super-vector bundle AcV M, where AcV — > M means that 
we consider V as a complex vector bundle. 

We consider now the JT-equivariant morphism on V, : p*{A^V) — > 
p*{A^V), defined by 

(^vi'") = (''(^) - oil H'M' 

where l(v) and e{v) are respectively the contraction by v {t{v){w) = 

and the wedge product by v. Since {l{v) — £{v))^ = — we know that the 

support of cjy is the zero section of V. 

Let F^(X), X e 6 be the equivariant curvature of V^. 

Definition 6.12 The equivariant Todd form of (V, V^) is defined by for X 
small, by 

Todd(V^)(X) := detc ( /v^^f^J • 
We denote Todd(V) its cohomology class in H°°{t,M). 

° FV(x) J of the equivariant Todd form is 

defined for any X G t. 

Proposition 6.13 We have the equalities: 

Ch,ei(a5) = (2i7r) V (Todd(V)-i) Threi(V) in H°°{t, V, V \ M), 

Chfiber cpt(<7!^) = (2i7r)>* (Todd(V)-l) Thfiber cpt(V) in W^^er cpt(«. V), 

ChQ(a5) = (2m) V (Todd(V)-i) ThMQ(V) in WS,.,,p(e, V). 

Proof. The complex structure on the bundle V induces canonically a Spin'^ 
structure where the bmidle of spinors is AcV. The corresponding determinant 
line bundle is Ly := A^'^^V. Then one has just to check that 

jV2(V)Ch(4/') = Todd(V)-\ 
and we conclude with Proposition 6.10. 
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7 Appendix 



Wc give proofs of the estimates used in this article. They are all based on 
Voltcrra's expansion formula: if R and S are elements in a finite dimensional 
associative algebra, then 

oo ™ 

(66) e^^+^^=e^ + J2 e''^ S e''^ S ■ ■ ■ S e'"^ S e"'+'^ dsi ■ ■ ■ dsk 

where is the simplex {si > 0; si + S2 + ■ ■ ■ + Sk + Sfe+i = !}• We recall that 
the volume of for the measure dsi ■ ■ ■ dsk is -j^. 

Now, let A = (Bi^fjAi be a finite dimensional graded commutative algebra 
with a norm || • || such that ||a6|| < ||a|| We assume Ao = C and we denote by 
A+ = (Bi^iAi- Thus 0;'+^ = for any co G A+. Let V be a finite dimensional 
Hermitian vector space. Then End(F) ^ is an algebra with a norm still 
denoted by || • ||. If 5 e End(y), we denote also by S the element 5 (8> 1 in 
End(y) (g) A. 

Remark 7.1 In the rest of this section we will denote est (a, 6, • • • ) some positive 
constant which depends on the parameter a,b, - ■ ■ . 



7.1 First estimates 

Wc denote Hcrm(y) C End(y) the subspacc formed by the Hermitian cndo- 
morphisms. When R G Herm(y), we denote m(i?) G R the smallest eigenvalue 
of R : we have 



e-« 



Lemma 7.2 Let V{t) = ELoIT- ^^^n, for any S G End(F) ® A, T £ 
End{V) <8) A+, and R G Herm(V'), we have 

II g_i^+S+T II <g-m(il)g||S||^(||y||)_ 

Proof. Let c = m{R). Then || e~"-^ || = e~"'= for all u > 0. Using Volterra's 
expansion for the couple sR,sS, we obtain || e*^~^+^^ || < e"'*'^ e^H'^H . Indeed, 

^s(-R+S) = ^-sR + h with 

/ e-''''^S---Se-''''^Se-'"'^'''"^dsi---dsk. 



The term is bounded in norm by ^||6'||'^e Summing in k, we obtain 
II g-s(fl+s) II £ g-scgs||S|| £qj. g ^ Q_ We reapply Volterra's expansion to compute 
g(-K+5)+T ^Yie sum 



Q 

-R+S 



+ Y, f e«i(-^+^)T---Te«^(-«+^)Te«^+i(-^+^)rfsi---rfsfc. 
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Here the sum in k is finite and stops at k = q. The norm of the k term is 
bounded by ^e~'^ell'^ll IITII*^. Summing up in k, we obtain our estimate. 



For proving Proposition 5.6, we need to consider the following situation. 
Let S be a (finite dimensional) vector space. We consider the following smooth 
maps 



X H^. ^(a;) from E to End{V) O A. 



{t,x) ^ rR{x) from R x E to Herm(y). 
• {t, x) ^ T{t, x) = To{x) + tTi{x) from R x £^ to End(y) A+. 

Proposition 7.3 Let D{d) be a constant coefficient differential operator in x G 

E of degree r. Let K, he a compact subset of E. There exists a constant est > 
(depending on JC,R{x), S{x),Tq{x),Ti{x) and D{d)) such that 

(67) D{d) ■ e-*'«(^)+5(^)+r(*.^) < est (1 + tf^'+i e-*'-(«(^)), 

for all {x,t) G /C X R^o_ 

Here the integer q is highest degree of the graded algebra A. 

Corollary 7.4 Let U he an open subset of E such that R{x) is positive definite 
for any x gU, that is m{R{x)) > for all x £U. Then the integral 

Q-t^R{x)+S{x)+T{t,x) 

defines a smooth map from U into End(y) (g) A. 

Proof. We fix a basis v\, . . . ,Vpoi E. Let us denote di the partial derivative 

along the vector Vi. For any sequence / := [ii, . . . , i„] of integers ik G {1, • • • , p}, 
we denote di the differential operator of order n = \I\ defined by the product 

riLi^H- 

For any smooth function g : E ^ End{V) ^ Awe define the functions 

(x) sup 110/ • g{x)\\ 

' |/|<n 

and the semi-norms ||.9|lK;.n ■= ^^^^xeic II.9ll'i(^) attached to a compact subset /C 
of E. We will use the trivial fact that ||5'||„(a;) < ||5||m(a;) when n < m. Since 
any constant differential operator D{d) is a finite sum J2i aidi, it is enough to 
proves (67) for the dj. 

First, we analyze dj ■ ^e~*^^(^)^. The Volterra expansion formula gives 

(68) di ■ (e-*'«(^)) = -t^ J e-^^*'^(^) di ■ R{x) e-«^*'^(-) dsi, 
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and then ||a, • e-*'-^^^) || < ||i?||i(x) (1 + 1)^ c^*''"^^)) for eEx R^^o. 

With (68), one can easily prove by induction on the degree of di that: if 
|/| = n then 



(69) \di ■ e-*'^(^) II < cst(n) (l + ||i?|l„(x))" (1 + i)^" e" 



for {x,t) e E X K^". Note that (69) is still true when 7 = with cst(O) = 1. 
Now we look at dj ■ | e~*^^(^^+'^'^^M for |/| = n. The Volterra expansion 



formula gives e"* = e"* ^^^^^ +E^i ^k{x) with 

Zk{x) = [ e-^i(*'^(^)) S{x) e-^=(*'«(^)) S{x) ■ ■ ■ S{x) e-«^+i(*'«(^)) dsi--- dsk- 

The term dj ■ Zk{x) is equal to the sum, indexed by the partitions (we allow 
some of the Ij to be empty.) V := {/i, J2, . . . , hk+i} of /, of the terms 

(70) Zk{V){x) := 

^ (di, .e-^^(*^«(-))) {di,-S{x)) ■ ■ ■ {dj,, -Six)) (dj,,^, .e-^'=+i(*=«(-))) ds,--- ds^ 
which are, thanks to (69), smaller in norm than 



(71) cst(P) 



t)2"? e- 



The integer n^, are respectively equal to the sums + I/3I H — • + |/2fc+i|, 
|-^2| + |-^4| + - • • + |/2fe|, and then n^ + n^ = n. The constant cst('P) is equal to the 
products cst(|/i|)cst(|/3|) • • • cst(|/2fc+i |)- Since the sum cst(P) is bounded 
by a constant cst'(n), we find that 

(72) b,.e-*'«(-)+^(-) II < cst'(n) (l + ||i?||„(a;))"ell^ll"(^)(l+t)2" e-*''"(«(^)) 

for {x, t) €Ex R^°. Note that (72) is still true when 7 = with cst'(O) = 1. 

Finally we look at di ■ ^e-*^-^(^)+^(^)+'^(*'^)) for |7| = n. The Volterra ex- 
pansion formula gives e-*'«(^)+^(^)+'^(*'^) = e-*'^(^)+^(^) + ^k{x) with 

Note that the term Wk{x) vanishes for k > q. If we use (72), we get for 
{x,t) gExR^o : 

\\dT-Wkix)\\ < cst"(n)(||To|U(x) + ||Ti||„(x))''x 

(1 + ||i?||„(a:))"ii±|!!^ ell^ll"(-) e-*'MRi^)) . 
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Finally we get for (a;, t) e E x : 



(73) 



di ■ e 



-r R{x)+S{x)+T{t,x) 



< 



cst"(n)(l + ||i?||„(a;))"x 



p(||ro||„(.xO + ||ri||„(x)) eii^ii"(-)(i + t) 



2n+q g-t^in(ij(x)) 



where P is the polynomial P{z) = Ylk=o ff- 
So (67) is proved with 



est 



cst"(n)sup{(l+ ||i?||„(a;))"p(||ro||„(x) + \\T,Ux)) e'l^H-^^)}. 



7.2 Second estimates 

Consider now the case where E = W x t : the variable x € E will be replaced 
by iy-iX) & W X t. We suppose that the maps R and T are constant 
relatively to the parameter X e J. 

Let K, = K,' X K." be a compact subset oi W x t. Let D{d) be a constant 
coefficient differential operator in {y,X) G W xt of degree r : let rw be its 
degree relatively to the variable y €:W. 

Proposition 7.5 There exists a constant est > 0, depending on fC, R{y), S{y, X), 
To{y),Ti{y) and D{d), such that 

< est (1 + 1)2'-^+« Q-t^^{R{y))^ 

for all {y, X, t) & K,' x K" x R-° . Here q is the highest degree of the graded 
algebra A. 

Proof. We follow the proof of Proposition 7.3. Wc have just to explain 
why we can replace in (67) the factor (1 + 1)^^ by (1 + t)^''"'. 

We choose some basis t;i , . . . , of and Xi,. . . , of t. Let us denote 
dj , dj the partial derivatives along the vector Vi and Xj . For any sequence 

/:= {n,...,i„JU{ji,...,j„J 

^ V ' ^ V ' 

/(I) /(2) 

of integers where ik G {1, . . . , tti} and jk G {1, . . . , 772}, we denote dj the differ- 
ential operator of order |/| = m +7x2 defined by the product 11^=1 YViLi ^1^- 
We first notice that 5/ • e"*" = if 7(2) 7^ 0. Now we look at dj ■ 
^e-t^R{v)+s{y,x)'^ for 7 = 7(1) y 7(2). The term Zk{P) of (70) vanishes when 

there exists a sub-sequence I21+1 with /2;+i(2) ^ 0. In the other cases, the 
integer rip = |/i| + |/3|-|-- • •-|-|/2fc+i| appearing in (71) is smaller than |/(1)| = rii. 
So the inequalities (72) and (73) hold with the factor (1 -|- i)^" replaced by 
(l+t)2"i. 

The preceding estimates hold if we work in the algebra End(£) (g) A, where 
£ is a super-vector space and A a super-commutative algebra. 



(74) D{d) ■ e 



-t^Riy)+Siy,X)+T{t,y) 
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